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Abstract 

Let V be a finite dimensional real vector space. Let Val sm (V) be the space of 
translation invariant smooth valuations on convex compact subsets of V. Let Dens(V) 
be the space of Lebesgue measures on V. The goal of the article is to construct and 
study an isomorphism Fy : Val sm (V)^Val sm (V*) ®Dens{V) such that Fy commutes 
with the natural action of the full linear group on both spaces, sends the product on 
the source (introduced in [5J) to the convolution on the target (introduced in [15]), and 
satisfies a Plancherel type formula. As an application, a version of the hard Lefschetz 
theorem for valuations is proved. 
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Introduction. 

0.1 An overview of the main results. 

Let V be a finite dimensional real vector space, dimV^ = n. The goal of the article is to 
construct an isomorphism between the space of translation invariant valuations on convex 
compact subsets of V and the space of translation invariant valuations (twisted by the 
line of Lebesgue measures) on the dual space V*. This isomorphism is analogous to the 
classical Fourier transform. It has various nice properties studied in detail in this article. 
As an application we prove a version of the hard Lefschetz theorem for translation invariant 
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valuations. To state the main results more precisely let us fix some notation and remind 
definitions. 

Let fC(V) denote the class of all convex compact subsets of V. Equipped with the 
Hausdorff metric, the space JC(V) is a locally compact space. 

0.1.1 Definition, a) A function <p : K,(V) — > C is called a valuation if for any Ki, K 2 G 
)C(V) such that their union is also convex one has 

<P(Ki U K 2 ) = 4>(K X ) + <j)(K 2 ) - <j>(K x n K 2 ). 

b) A valuation </> is called continuous if it is continuous with respect to the Hausdorff 
metric on /C(V). 

The notion of valuation is very classical in convexity. For the classical theory of valuations 
we refer to the surveys by McMullen-Schneider [36J and McMullen (35]. For the general 
background from convexity we refer to the book by Schneider (39]. Approximately during 
the last decade there was a considerable progress in the valuation theory. New classification 
results of special classes of valuations have been obtained [30], (ID], PQ-jl], [H], [32]. Also 
new structures on valuations have been discovered [1], [5], [15]. Moreover some parts of the 
classical theory of valuations on affine spaces have been generalized to more general context 
of arbitrary manifolds [8]- [10], [12] (see also a survey [TTJ of these results). 

Let us denote by Val(V) the space of translation invariant continuous valuations. Equipped 
with the topology of uniform convergence on compact subsets of JC(V), Val(V) is known 
to be a Banach space. In [5] there was introduced a dense subspace of smooth valuations 
Val sm (V) C Val(V). The definition is recalled in Section [23] below. Note that Val sm (V) 
is equipped with the natural Frechet topology which is stronger than the topology induced 
from Val{V). 

0.1.2 Example. 1) A Lebesgue measure vol on V belongs to Val sm (V). 

2) The Euler characteristic \ belongs to Val sm (V). (Recall that x(^0 = 1 f° r an y 
KeK(V).) 

3) Let us fix a compact strictly convex set A C V with infinitely smooth boundary. The 
functional K 1— > vol(K + A) is a smooth translation invariant valuation. Here K + A is the 
Minkowski sum {k + a\ k G K, a G A}. 

4) Let < i < n = dimV^. Fix A\,...,Ai compact strictly convex subsets of V with 
infinitely smooth boundary. Then the mixed volume K 1— > V(K[n — i], A±, . . . , Aj) belongs 
to Val sm (V) (here K[n — i] means that the set K is taken n — i times). For the notion of 
mixed volume see e.g. [39J, especially Ch. 5,6. 

The space Val sm (V) carries a canonical structure of commutative associative topological 
algebra with unit (the unit is the Euler characteristic). This structure was constructed by 
the author in [5]; the main properties of it are recalled in Section |2"31 

Let us denote by Dens(V) the complex one dimensional space of complex valued Lebesgue 
measures on V. The space Val sm (V*) <S> Dens(V) carries a canonical structure of commu- 
tative associative topological algebra with unit. This structure was recently constructed by 
Bernig and Fu [15J; the main properties of it are recalled in Section [231 
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Next observe that group GL(V) of all invertible linear transformations of V acts naturally 
on Val(V) (and Val sm (V)) as follows: (#)(i<Q = <P(g~ l K) for any g G GL(V), K G K{V), 
and G VaZ(y) or Val sm {V). 

Our first main result says that these two topological algebras with actions of GL(V) are 
isomorphic. More precisely we prove the following result. 

0.1.3 Theorem. There exists an isomorphism of linear topological spaces 

Fy : Val sm {V) -> Val sm {V*) ® Dens(y) 

which satisfies the following properties: 

1) Fy commutes with the natural action of the group GL(V) on both spaces; 

2) Fy is an isomorphism of algebras when the source is equipped with the product and the 
target with the convolution. 

3) (Plancherel type formula) Consider the composition Sy 

Val sm (V) ^ Val sm {V*)®Dens(V) Fv * 0/ ^" s(v) Val sm {V)®Dens{V*)®Dens{V) = Val sm {V). 
This composition £y satisfies 

(£ V <P)(K) = <P(-K). 

0.1.4 Remark. 1) On even valuations, the operator Fy was first introduced by the author 
in [Ij under a different name and notation (in [I] it was denoted by D). 

2) Part (2) of Theorem 10.1.31 was first proved for even valuations by Bernig and Fu [T5] . 

3) The isomorphism Fy from Theorem 10. 1.31 is not quite canonical. One can show that in 
certain precise sense there exist exactly four different isomorphisms satisfying the theorem 
provided n > 1; for n — 1 there exist exactly two such isomorphisms (see Remark 16.4.41 
below for a precise statement). 

0.1.5 Example. Let us describe the isomorphism Fy in dimensions 1 and 2. First as- 
sume that dimV" = 1. In this case the space of valuations is two dimensional: Val(V) = 
Val sm (V) = C-x®C-voly where voly is a non-zero Lebesgue measure on V . Let voly 1 be the 
corresponding Lebesgue measure on V* (see (I2.1.9P below). Then Val sm (V*) ® Dens(V) = 
C ■ (voly 1 ® voly) © C ■ (x ® voliy)). Then 

Fy( X ) = Voly 1 ® V0ly (0.1.1) 

F v (volv) = x®vol v . (0.1.2) 

Let us assume now that dim^/ = 2. Let us fix a Euclidean metric onV . It induces iden- 
tifications V* ~ V, Dens(V) ~ C. Under these identifications Fy: Val sm (V)^Val sm (V). 
One has Val sm {V) = Cx © Val{ m {V) © Cvoly where Val{ m {V) denotes the subspace of 
1-homogeneous valuations. Let us fix also an orientation on V. Then 

Fy(x) = voly, 

Fy(voly) = X- 
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In order to describe the action of Fy on Vall m (V) recall that linear combinations of valuations 
of the form K \— > V(K, A), where A G K.(V) is fixed, are dense in Vali(V) (in two dimensions 
this is due to Hadwiger [23J). Then 

¥ V (V(.,A)) = V(.,J- 1 (A)) 

where J: V — > V is the rotation by ir/2 counterclockwise. (Of course if J would be a rotation 
by 7r/2 in the opposite direction, we would get another version of the Fourier transform.) 

0.1.6 Remark. In dimension higher than 2 the author does not know such a simple con- 
struction of Fy, especially in the odd case studied in detail in the article. Note however that 
the Fourier transform of a Lebesgue measure and the Euler characteristic can be computed 
by the equalities 1 10. Lift in any dimension. 

The construction in the odd case is quite involved and uses various characterization 
theorems on valuations, in particular Klain-Schneider characterization of simple valuations 
[30] . [40] (see Theorem 12.3.61 below). Irreducibility Theorem [3] (see Theorem 12.3.71 below), 
and also some additional representation theoretical computations based on the Beilinson- 
Bernstein localization [T3] (see Section [L~4l below) . 

As an application of the Fourier transform (combined with Bernig-Brocker theorem [13]) 
we prove a version of hard Lefschetz theorem for valuations. In order to state it let us denote 
by Vall m (y) C Val sm {y) the subspace of i-homogeneous valuations (0 G Valf m (V) if and 
only if <j>(XK) = \ l <p(K) for any A > 0, K G K(V)). By McMullen's theorem [33] 

Val sm (V) = Q^Vairiy). 

Let us fix a Euclidean metric on V . Let us denote by V\ the first intrinsic volume (see [39], p. 
210). Here we just recall that Vy is the only (up to a constant) continuous isometry invariant 
1-homogeneous valuation (this characterization is due to Hadwiger [2~4]). 

0.1.7 Theorem (hard Lefschetz theorem). Let < i < n/2. Then the map 

Voiron - vai s ™i(v) 

given by <fi ^ (Vi) n_2i ■ <ft is an isomorphism. 

0.1.8 Remark. 1) Theorem 10. 1 .71 was proved by the author for even valuations in [3]. 

2) There is another version of the hard Lefschetz theorem for valuations (see Theorem 
17.1.31 below). In the even case it was proved by the author [3], and in the general one by 
Bernig and Brocker [14|. Our proof of Theorem 10. 1.71 (see Section [7]) uses in an essential way 
this result of Bernig-Brocker. Also we use the fact that the Fourier transform Fy establishes 
an equivalence of two versions of the hard Lefschetz theorem (Lemma 17.1.41 below). This 
fact was recently observed in the even case by Bernig and Fu [15j; our Lemma 17.1.41 is a 
straightforward generalization of their observation. 

Another new construction presented in this article is a construction of pushforward under 
linear maps of translation invariant continuous valuations (twisted by the line of Lebesgue 
measures). Namely if /: V — > W is a linear space of vector spaces, we define a linear map 

/, : Val(V) <g> DensiV*) -> Val(W) ® Dens(W*). 
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We refer to Section 13.21 for the details. Here we notice that this pushforward map allows to 
compute the convolution of valuations in sense of Bernig and Fu [13] in two steps: first one 
takes the exterior product of valuations in sense of [5], and then the pushforward under the 
addition map a: V ffi V — ► V. 

Another interesting property of the Fourier transform is that it intertwines the pullback 
of valuations (obviously defined, see Section 13. ip and the pushforward. With an oversimpli- 
fication, one can say that the Fourier transform of the pullback of a valuation is equal to the 
pushforward of the Fourier transform. There are however some technical difficulties of mak- 
ing this statement rigorous due to the fact that the operations of pullback and pushforward 
do not preserve in general the class of smooth valuations. Nevertheless a rigorous result is 
possible though it sounds more technical: see Theorems 16.2.11 16.2.41 below. 

0.2 Organization of the article. 

In Section [1] we summarize a necessary background from representation theory. In Section [2] 
we describe necessary facts mostly from valuation theory. These two sections do not contain 
new results. 

In Section [3] we introduce operations of pullback and pushforward on translation invariant 
valuations. We relate them to operations of product and convolution (Sections 13.31 13.4)) . and 
prove a version of the base change theorem (Section 13.51) . 

In Section|l]we prove an isomorphism of GL (^-modules Val~^{V) and Val~' sm (V*) <S> 
DensiV) (here Val~' sm (V) denotes the space of smooth odd translation invariant z-homogeneous 
valuations on V). The existence of such isomorphism and some related representation the- 
oretical calculations will be used in the construction of the Fourier transform in Section 
El 

In Section [5] we study separately the Fourier transform on valuations on a two dimensional 
plane. The two dimensional case will be used for higher dimensions in Section [61 

Section [6] is the main one. Here we construct the Fourier transform in full generality and 
prove the main properties of it. 

In Section [7| a hard Lefschetz type theorem for valuations is proved. 

The appendix contains a slight generalization of the construction of the exterior product 
of smooth valuations given in [5]: here we explain how to multiply a smooth valuation by a 
continuous one. This generality is necessary in this article for technical reasons. 

0.3 Notation. 

• K{V) - the family of convex compact subsets of a vector space V. 

• JC sm (V) - the family of strictly convex compact subsets of a vector space V with 
infinitely smooth boundary. 

• f v - a dual map to a linear map /. 

• f Mg, f X g, f &) g - operations with linear maps / and g, see Section |2~T1 

• GriiV) - the Grassmannian of i-dimensional linear subspaces of a vector space V. 

• Fp,p+i(y) - the (real) variety of partial flags in V {(E, F) \ E C F, dimE = p, dimF = 

p + iy. ' 

• T - the (real) variety of complete flags in a real vector space. 
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• C T - the (complex) variety of complete flags in a complex vector space. 

• T kV , T k y-i, T k ° v , T^y-i - certain vector bundles, see Section ItTTl 

• \ujx\ - the complex line bundle of densities over a manifolds X. 



1 Background from representation theory. 
1.1 Some structure theory of reductive groups. 

In this subsection we remind few basic definitions from the structure theory of real reductive 
groups. For simplicity we will do it only in the case of the group GL n (M). This will suffice 
for the purposes of this article. 

Let Go = GL n (M). It acts naturally on IR n . Let us denote by H C Go the subgroup of 
diagonal invertible matrices (Hq is a Cartan subgroup). 

1.1.1 Definition, (i) A subgroup Pq C Go is called parabolic if there exists a partial flag of 
linear subspaces ^ F\ ^ F 2 ^ • • • ^ F k = M. n such that Pq is the stabilizer in G of this 
flag. 

(ii) A parabolic subgroup Pq is called standard if Pq D Hq. 

1.1.2 Example. Let us fix a positive integer k and a decomposition n = ni + . . . n k , rii e N. 
Let 



Po := 





r a 


* 




* 
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< 























\Ai e GL r 



be the subgroup of block upper triangular invertible matrices. It is a standard parabolic. 

Note that if one takes k — 1, n\ — n one gets Pq = Gq. If one takes k — n, n\ — ■ ■ ■ — 
n n — 1 then P Q is equal to the subgroup of upper triangular invertible matrices (it is a 
minimal parabolic). 

For a parabolic subgroup P let us denote by Up its unipotent radical. Thus Up is a 
normal subgroup of Pq. More explicitly, if Pq is the stabilizer of a partial flag ^ F\ ^ F 2 ^ 



• • • S F k 



l n then Up consists of transformations from Pq inducing the identity map on 



all consecutive quotients Fj/Fj-i, i = 0, . . . , k. 

1.1.3 Definition. Let Pq be a parabolic. An algebraic subgroup M C Pq is called a Levi 
subgroup if the canonical homomorphism Pq — > Pq/Up induces an isomorphism M^>Pq/Up . 

A Levi subgroup always exists but not unique. In Example II. 1 .21 the unipotent radical is 
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A Levi subgroup can be chosen to be equal to 



M 





' At 















A 2 
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A k 



\Ai e GL n 



GL r 



X 



xGL nk (l 



1.1.1) 



Let us return back to a general parabolic Pq. If M is its Levi subgroup then P = M ■ Up . 

1.1.4 Definition. Let P = Mp ■ Up , Qo = Mq ■ Uq be two parabolics, where Mp , Mq 
are their Levi subgroups. Then P and Qo are called associated if there exists x G Go such 
that 

M Qo = x~ l Mp x. 



1.2 Admissible and tempered growth representations and a theo- 
rem of Casselman-Wallach. 

1.2.1 Definition. Let it be a continuous representation of a Lie group Go i n a Frechet space 
F . A vector £ G F is called Go-smooth if the map g i— > 7r(g)£ is an infinitely differentiable 
map from Go to F. 

It is well known (see e.g. jl2], Section 1.6) that the subset F sm of smooth vectors is a 
Go- invariant linear subspace dense in F. Moreover it has a natural topology of a Frechet 
space (which is stronger than the topology induced from F), and the representation of Go 
in F sm is continuous. Moreover all vectors in F sm are Go-smooth. 

Let G be a real reductive group. Assume that G can be imbedded into the group 
GL N (M.) for some N as a closed subgroup invariant under the transposition. Let us fix such 
an imbedding p : G > GL N {R). (In our applications G will be either GL n (R) or a direct 
product of several copies of GL n (M).) Let us introduce a norm | • | on Go as follows: 

\g\ := max{||p(#)||, ||p(^ _1 )||} 
where || • || denotes the usual operator norm in IR^. 

1.2.2 Definition. Let 7r be a smooth representation of Go in a Frechet space F (namely 
psm _ Q ne sa y g ftia,t this representation has moderate growth if for each continuous 
semi-norm A on F there exists a continuous semi-norm v\ on F and 4eK such that 

H*(g)v) < \g\ d ^x{v) 

for all g G G, v G F. 

The proof of the next lemma can be found in [42j, Lemmas 11.5.1 and 11.5.2. 

1.2.3 Lemma, (i) If (tt, Go, H) is a continuous representation of Gq in a Banach space H, 
then (n, G, H sm ) has moderate growth. 

(ii) Let (tt, Gq, V) be a representation of moderate growth. Let W be a closed Go-invariant 
subspace of V . Then W and V/W have moderate growth. 
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Remind that a continuous Frechet representation (n,Go,J-') is said to have finite length 
if there exists a finite filtration 

= F C F 1 C ■ ■ • C F m = F 

by G -mvariant closed subspaces such that is irreducible, i.e. does not have proper 

closed Go-invariant subspaces. The sequence Fx, F 2 /Fi, . . . ,F m jF m _x is called the Jordan- 
Holder series of the representation ir. It is well known (and easy to see) that the Jordan- 
Holder series of a finite length representation is unique up to a permutation. 

1.2.4 Definition. A Frechet representation (p, Gq, F) of a real reductive group Go is called 
admissible if its restriction to a maximal compact subgroup K of Go contains an isomorphism 
class of any irreducible representation of K with at most finite multiplicity. (Remind that a 
maximal compact subgroup of GL n (R) is the orthogonal group 0(n).) 

1.2.5 Theorem (Casselman-Wallach, [19]). Let G be a real reductive group. Let (p, G , Fi) 

and (tt,Go,F 2 ) be smooth representations of moderate growth in Frechet spaces F 1 ,F 2 . As- 
sume in addition that F 2 is admissible of finite length. Then any continuous morphism of 
Go-modules f : Fi — > F 2 has closed image. 

The following proposition is essentially a common knowledge; the proof can be found in 
[8], Proposition 1.1.8. 

1.2.6 Proposition. Let Go be a real reductive Lie group. Let Fi,F 2 be continuous Frechet 
Go-modules. Let £ : F\ — > F 2 be a continuous morphism of Go-modules. Assume that the 
assumptions of the Casselman-Wallach theorem are satisfied, namely F\ and F 2 are smooth 
and have moderate growth, and F 2 is admissible of finite length. Assume moreover that £ is 
surjective. 

Let X be a smooth manifold. Consider the map 

£ : G°°(X, Fi) — ^ G°°(X, F 2 ) 

defined byj£(f))(x) = for any x E X. 

Then £ is surjective. 

1.3 Induced representations. 

Let H C Go be a closed subgroup. Let tt be a representation of if in a Frechet space F. Let 
us consider the space of continuous functions 

$:={/: G — V\ f(x ■ h) = 7r(h)-\f(x)) for any x G G , h G H}. 

The group Go acts on $ by left translation. The representation of Go in $ is called the in- 
duced representation and denoted by Ind H °7T. Note that the space $ is a space of continuous 
sections of a Go-equivariant vector bundle over Gq/H with fiber F. 

Let Po C Go be a parabolic subgroup. Let us consider the natural representation of Go 
in the space of (complex valued) half-densities (see e.g [22], Ch. II §6) on Go/Po- It is easy 
to see that there exists a character pp : P — > C* such that this representation is isomorphic 
to Indp°p Po . 
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1.3.1 Remark. It is easy to see that Up C [Po, Pq\. Hence any character of Po is trivial on 
Up , and hence factorizes via P /Up . 

Let tt be a representation of P /Up considered as a representation of P . Let us denote 

by 

H(P ,tt) :=Ind G P o {7t®p Pa ). 
We will need the next result which is standard in representation theory. 

1.3.2 Theorem. Let P C G be a parabolic subgroup. Let ix be a character of P /Up . 
Then Ind p °(7r) is an admissible representation of finite length. 

Let now P = M Po ■ Up , Qq = Mq ■ Uq be two associated parabolics (see Definition 
II. 1.4D . Thus Mq = a~ x Mp a for some a G G . Let be a character of Mp considered as 
a character of Pq. Let tt' be the character of Mq defined by 



TT (X) 



it (a ■ x ■ a 



The following result is a special case of a theorem by Harish-Chandra (see e.g. [41 J, Propo- 
sition 4.1.20). 

1.3.3 Theorem (Harish-Chandra). Let Pq,Qo C Go be two associated parabolics as above. 
Let tt be a character of P Q /Up . Let tt' be the character of Qq/Uq as above. The represen- 
tations T-C(Pq,tt) and 7~C(Qo, tt') have the same Jordan-Holder series. 



We will use below Theorem 11.3.31 in two particular situations. To describe the first one, 
let us fix an integer k = 1, 2, . . . n — 1. Let 



Pn := 



' A 


* 


* 





B 


* 








c 



\A e GL 



n-k-l\ 



B E GL k (R),c G 



Then G /P is the partial flag space {(F, E)\F G Gr n _fe_i(R n ), E G Gr n _i(M")}. Let 
p: Gq/P — > Gr n _ fe _i(R n ) be the natural map given by p(F, E) = F. Let V — > G /P be 
the line bundle whose fiber over a partial flag (F,E) is equal to Dens(E/F) ® or(W n /E). 



Let \ujq. 



r n -k-i I 



Gr 



n-k-l\ 



denote the line bundle of densities. Let A denote the space 



of sections A := C(G /P ,V <g> p*(\uGr n _ k _ 1 \))- Clearly A is a G - m odule. 
1.3.4 Lemma. 



where tt : P 



A = H(P ,tt) 
C* is the character defined by 



TT 



' A 


* 


* 





B 


* 


_ 





c 



det A\^\ det B\ 



1 -2 E - 1 \ c \-^+ k 



sgn(c). 



(1.3.1) 



10 



Proof is straightforward computation. Q.E.D. 
Let us consider another parabolic subgroup 



Q -~- 



B 


* 


* 







c 


* 


\A e CL n _ fe _ 1 (R), B e GL k (R), c e 








A _ 





It is easy to see that P and Q are associated. Let £ : Q — > C* be the character defined by 

= | det B\~ 1 sgn(c). 
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* 
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* 








A 



1.3.5 Lemma. 



where p 
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* 
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* 








A 



Ind%°e = H(Q ,p) 



, , fc+1 , „ . n — k -i , , n — 1 i i 

det A 2 det £— 3— iw-— +*« 



|c| 2 1 sgnyc) 



Proof is straightforward computation. Q.E.D. 

1.3.6 Corollary. TTte Go-modules A sm and (Ind^) sm have the same Jordan-Holder series. 
Proof. Obviously Pq and Qo are associated, indeed Mp = a ■ Mq ■ a -1 where a = 

tj ^"~ fc . Moreover £(x) = 7r(a _1 xa) where 7r is defined by fll .3. ljl . Hence the result 
idk U 

follows from Theorem 11.3.31 Q.E.D. 

Let us describe now the second situation where Theorem 11.3.31 will be used. 

1.3.7 Corollary. Let us consider a parabolic subgroup 

\A e GL P (R), ceR*,B e GL n _ v _ x 



P' 
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* 





c 


* 








B 




Let us denote by uj: Pq — > C* the character such that Ind p °{uj) is isomorphic to the repre- 
sentation of Gq in densities on Gq/Pq. Let a: Pq — > C* be the character defined by 



a 



A 


* 


* 





c 


* 








B 



det (A) | ■ sgn(c) ■ to. 



Let us consider another parabolic subgroup 

Q'o = 



B 


* 


* 







c 


* 


\A e GL p (R), ceR*,B e GL n _ p 








A _ 
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Let (3: Q' Q 



C* be the character defined by 



(3 I _0_^^_ =\det(A)\-sgn(c). 



/ B * * \ 



\ L o I o I a J / 



T/ien (Ind^(a)) 



sm 



and (Ind^((3)) sm have the same Jordan-Holder series. 



Proof is a straightforward computation similar to the proof of Corollary 1 1.3 .61 Q.E.D. 
1.4 The Beilinson-Bernstein localization. 

We recall the Beilinson-Bernstein theorem on localization of g-modules following [T3j (see 
also [16J). Then we recall the version of this result for dominant but not regular characters 
following [27]. We denote by capital letters the Lie groups, and by the corresponding small 
letters their Lie algebras. 

Let G be a complex reductive algebraic group. Let T denote a Cartan subgroup of G. In 
our examples G = GL n (C). Let B be a Borel subgroup of G containing T. Let t denote the 
Lie algebra of T. Let b denote the Lie algebra of B. Let n denote the nilpotent radical of b. 

In the case when G is complexification of a real reductive group Go let us denote by 
K the complexification of a maximal compact subgroup of Go- Thus if G = GL n (C) then 
K = 0(n, C) is the group of complex orthogonal matrices. 

Let R(t) C t* be the set of roots of t in g. The set R(t) is naturally divided into the 
set of roots whose root spaces are contained in n and its complement. Let R + {t) be the set 
of roots of t in g/b. If a is a root of t in g then the dimension of the corresponding root 
subspace g a is called the multiplicity of a. Let pb be the half sum of the roots contained in 
R + {t) counted with their multiplicities. 

1.4.1 Definition. We say that A G t* is dominant if for any root a G R + (tb) we have 
< A, a v >^ —1, —2, .... We shall say that A G t\ is B-regular if for any root a G R + (tb) we 
have < A, a v >^ 0. 

For the definitions and basic properties of the sheaves of twisted differential operators we 
refer to [16] , [27] . Here we will present only the explicit description of the sheaf T>\ in order 
to agree about the normalization. 

Let .? 7 be the complete flag variety of G (then c jF = G/B). Let Ojr denote the sheaf of 
regular functions on c J r . Let U (g) denote the universal enveloping algebra of g. Let U° be 
the sheaf Z7(g) Cg>c Op, and g° := g ®c Op. Let be the tangent sheaf of C T. We have a 
canonical morphism a: g° — > Tjr. Let also b° := Kera = {£ G g°| £ x G b x \fx G C .F}. Let A: b 
— > C be a linear functional which is trivial on n (thus A G £*). Then A defines a morphism 
A°: 6° — > Op. We will denote by V\ the sheaf of twisted differential operators corresponding 
to A — pb, i.e. T>\ is isomorphic to U°/l\, where 1\ is the two sided ideal generated by the 
elements of the form £ — (A — Pb)°{Q where £ is a local section of b°. 

Let Da := T^JF, D A ) denote the ring of global sections of T>\. We have a canonical 
morphism t/(g) — ► -Da- For the complete flag variety c jF this map is onto ([IS])- The kernel 
of this homomorphism was also described in [13J. To describe it, remind that we have the 
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Harish- Chandra isomorphism Z(U(g))—>(Sym'(t)) w where Z(U(g)) denotes the center of 
U(g), (Sym'(t)) w is the algebra of elements of the full symmetric algebra of t invariant 
under the Weyl group W. Hence the element A G t* defines a homomorphism Z(U(g)) — > C 
called the infinitesimal character. Let I\ be the two-sided ideal in U(g) generated by the 
kernel of this homomorphism. Then by [13] . I\ is equal to the kernel of the homomorphism 
U{g)^D x . 

1.4.2 Remark. The category of -D^-modules coincides with the category of g-modules with 
the given infinitesimal character. 

In this notation one has the following result proved in [T3] . 

1.4.3 Theorem (Beilinson-Bernstein) . (1) If A 6 f is dominant then the functor V : T>\ — 
mod — > U(g) — mod is exact. 

(2) If A G t* is dominant and regular then the functor T is also faithful. 

Note also that always the functor T has a left adjoint functor (called the localization 
functor) A: D x - mod — * V x - mod. It is defined as A(M) =V x ®d x M. A(M) is called 
the localization of M. 

The proof of the next lemma can be found in [16], Proposition 1.6.6. 

1.4.4 Lemma. Suppose V : T>\ — mod — > D\ — mod is exact. Then the localization functor 
A : D\ — mod — > V\ — mod is the right inverse of T: 

r o A = Id. 

We have the following immediate corollary (see |16j . p. 24). 

1.4.5 Corollary. Let A G t* is dominant and regular. Then the functor 

T : T>\ — mod — > D\ — mod 

is an equivalence of categories. Moreover this equivalence holds for K-equivariant versions 
of these categories. 

The following sufficient condition for A being regular and dominant will be useful. 

1.4.6 Proposition. Let G = GL n (M), G = GL n (C). Let B C G be the subgroup of real 
invertible upper triangular matrices, B be its complexification . Let A G t* . Let \ : B — ► C* 
be a character such that its (complexified) differential b — ► C is equal to A — pt,. Assume 
that the representation Indp°x has a non-zero finite dimensional G^-submodule. Then A is 
dominant and regular. 

1.5 Some analysis on manifolds. 

Let X be a smooth manifold countable at infinity. Let £ — >Xbea finite dimensional vector 
bundle. We denote by C(X,S), C°°(X,£) the spaces of continuous, C°°-smooth sections 
respectively. The space C(X,S) being equipped with the topology of uniform convergence 
on compact subsets of X is a Frechet space; if X is compact then it is Banach space. 
The space C°°(X, £) being equipped with the topology of uniform convergence on compact 
subsets of X of all partial derivatives is a Frechet space. 
The following result is well known (see e.g. [20]). 
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1.5.1 Theorem. Let Xiand X 2 be compact smooth manifolds. Let Si and S 2 be smooth 
finite dimensional vector bundles over X 1 and X 2 respectively. Let Q be a Frechet space. Let 

b ■. c QO (x l ,s l ) x c QO (x 2 ,s 2 ) g 

be a continuous bilinear map. Then there exists unique continuous linear operator 

b : C QO (X l x X 2 ,£ 1 ^£ 2 ) — > Q 
such that b{h <g> f 2 ) = B(f u f 2 ) for any ft E C°°{X h £), i = 1, 2. 

2 Background on valuation theory. 

We collect in this section some necessary notation and results from the valuation theory and 
linear algebra. 

2.1 Linear algebra. 

Let V be a finite dimensional real vector space of dimension n. We denote 

detV := A n V. (2.1.1) 

Also we denote by Dens{V) the space of complex valued Lebesgue measures on V; thus 
DensiV) is a complex line. {Dens stays for densities.) 

Let us define or(V) the orientation line of V as follows. Let us denote by Bas(V) the 
set of all basis in V. The group GL(V) of linear invertible transformations acts naturally on 
Bas{V) by g((x u . . .,x n )) = . . .,g(x n )). Then set 

or(V)={f:Bas(V)^C\ f(g(x)) = 
sgn(det(g)) ■ f(x) for any g e GL(V), x e Bas(V)}. 

Clearly or(V) is a one dimensional complex vector space. The operation of passing to the 
biorthogonal basis gives an identification Bas(V) ~ Bas(V*). It induces an isomorphism of 
vector spaces 

or(V) ~ or(V*) (2.1.2) 
which will be used throughout the article. Also one has another natural isomorphism 

Dens(V) ~ det(V*) ® c or(V). (2.1.3) 

Next let 

-+U -+V -+W -+0 (2.1.4) 

be a short exact sequence of finite dimensional vector spaces. Then one has canonical 
isomorphisms 

det U ® det det V, (2.1.5) 

or(U) or(W)^or(V), (2.1.6) 

Dens(U) <g> Dens(lT)^Dens(\/). (2.1.7) 
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The isomorphism (12.1.51) is given by x <8> y ( — > x A y where y is an arbitrary lift of y G 
det to A dimW/ V A . To describe the isomorphisms (12.1.61) and (12.1.71) let us fix an arbitrary 
linear splitting of the exact sequence (12.1.41) . s : W — > V. Thus V ~ U © W. Then 
Bas(U) x 5as(W) C Bas(V). Thus the restriction from functions on Bas(V) to functions 
on Bas(U) x 5as(W^) defines the isomorphism (12.1.61) which is in fact independent of the 
choice of a splitting s. Next the usual product measure construction defines a map Dens{U)® 
Dens{W) — > DensiV) which is an isomorphism independent of a choice of a splitting s. 
Also we will use an isomorphism 

Dens(V*)^Dens(V)* (2.1.8) 

which can be described as follows. Let us fix a basis of V, and let (xi, . . . ,x n ) denote 
coordinates of a vector in V in this basis. Let (y x , . . . , y n ) denote coordinates of a vector in 
V* in the biorthogonal basis. Let us choose the isomorphism (12.1.81) such that the Lebesgue 
measure on \dy x A • • • A dy n \ on V* goes to the linear functional on Dens(V) whose value 
on the Lebesgue measure \dx x A • • • A dx n \ on V is equal to 1. It is easy to see that this 
isomorphism does not depend on a choice of a basis. In this situation we also write 

\dyi A • • • A dy n \ = \dx x A • • • A dx n \~ x . (2.1.9) 

For a linear map of vector spaces / : V — > W we denote by f v : W* — > V* the dual 
space. (This notation is different from the probably more standard notation /*, since we 
keep the symbol /* to denote the pullback of valuations, see Section I3TT1 ) 

Let fi'.Vi — > Wi, % = 1, 2, be two linear maps of vector spaces. We denote by 

h B f 2 : Vi © V 2 -> W l © W 2 (2.1.10) 

defined, as usual, by (f x K f 2 )(xi,x 2 ) = (fi(xi), f 2 {x 2 )). 

Let Qi : V — > W{, i — 1,2, be two linear maps. We denote by 

g x xg 2 : W X @W 2 (2.1.11) 

the map defined by (g x x g 2 ){x) = (gi(x), g 2 {x)). 

Let hi'. Vi — > W, i — 1, 2, be two linear maps. We denote by 

h x @h 2 : V X ®V 2 -> W (2.1.12) 

the map defined by (h x © h 2 ){x x ,x 2 ) = h x (x x ) + h 2 (x 2 ). 

2.2 McMullen's decomposition of valuations. 

Let V be an n-dimensional real vector space. Let ValiV) denote the space of translation 
invariant continuous valuations on V. Let a be a complex number. We say that <p is a- 
homogeneous if 

(j)(\K) = \ a (j)(K) for any A > 0, K G JC(V). 

Let us denote by Val a (V) the subspace of ValiV) of a-homogeneous convex valuations. The 
following result is due to P. McMullen |33j . 

2.2.1 Theorem ([33]). Letn = dimV. Then 

n 

Val{V) =Q)Vali(V). 

i=0 
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2.3 Characterization theorems on valuations. 

In this section we describe several theorems on translation invariant continuous valuations 
which will be used in the article. 

2.3.1 Proposition. (1) Val$(V) is spanned by the Euler characteristic \. 
(2)(Hadwiger, \2J$ ) Val n (V) is spanned by a Lebesgue measure vol. 

Note that part (1) of the proposition is obvious. Let us remind now a description of 
(n — 1) -homogeneous valuations due to P. McMullen [34J. 

Let P+(V) denote the manifold of cooriented linear hyperplanes in V (recall that coori- 
entation of E C V is just an orientation of V/E). Let £ — > PY(V) denote the complex line 
bundle whose fiber over E G PY(V) is equal to Dens(E). Let us construct a continuous 
linear map 

C(Fl(V),C) -> Val n ^{V). (2.3.1) 

For let us fix £ G C(P+(V), C). Let us define first a valuation 0g on convex compact polytopes 
in V . Let P C V be a convex compact polytope. Any (n — l)-dimensional face of P carries 
a coorientation such that the exterior normal of it has a positive direction. Set 

*(0(P)--= E (2-3.2) 

FG{(n-i)-faces of P} 

2.3.2 Lemma. ^(£) extends (uniquely) to a continuous valuation onKiV). This valuation 
(also denoted by ^(C,)) is continuous, translation invariant, and (n — 1) -homogeneous. 

Proof. In fact this claim is due to Schneider [38] in a slightly different language. We 
are going to explain this. Let us fix a Euclidean metric on V. It induces an identification 
of P^.(V) with the unit sphere S 1 ™" 1 , and an isomorphism of C with the trivial line bundle. 
Then if £ G C(Fl(V), C) ~ C(S n ^) then for a polytope P 

*(0(^)= / ^)dS n ^{P,u) 

where dS n ~i(P, •) dentes the (n— l)-th area measure (see e.g. [39J, p. 203). But the functional 
on /C(V) 

is a continuous translation invariant (n — l)-homogeneous valuation by [38] • Q.E.D. 
The next theorem is due to McMullen. 

2.3.3 Theorem ([31]). The map \& is onto. The kernel is n- dimensional. 

2.3.4 Remark. The line bundle £ is obviously GL(l/)-equivariant. The map \1/ is GL(V)- 
equivariant. 
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Let us describe explicitly the kernel of First let us construct a linear map 

A n ~ V* ® or(V) -> C(PX(V0, £)• 

Fix an arbitrary cooriented hyperplane G PY(V). By (12.1.31) . (12.1.21) . (12.1.61) one has 

Dens(E) = det E* ® or(£) = det £* <g> or(V) ® or(V/E). 

Since is cooriented or(V/E) = C. Hence 

Dens(E) = det ® or(V). 

But one has a canonical map A n_1 V^* ® or(V) — > det £7* <g> or(V^) induced by the map V* 
— > E* dual to the identity imbedding E — ► V. When E varies this defines the desired map 
A^V* ® or{V) — > C7(Py r (V'),/;). Clearly it is GL()-equivariant and injective. 

The claim is that the image of the above map is equal precisely to the kernel of \P. This 
is a GL(V)-equivariant interpretation of the well known fact from from convexity that the 
closed (in the weak topology on measures) linear span of all area measures dS n _i(K, •) on 
S' n_1 , when K runs through JC(V), is equal to all measures /i on S"™ -1 satisfying 




to ■ dfi(uj) = 0. 



(This fact is an easy consequence of the Minkowski existence theorem, see e.g. [39] , Theorem 
7.1.2.) 

Let Val + (V) denote the subspace of even valuations, i.e. such that <f>(—K) = 4>(K) for 
any K G JC(V), and let Val~{V) denote the subspace of odd valuations, i.e. such that 
<p{—K) = —<f)[K) for any K G fC(V). Similarly ValfiV) denote the analogous subspaces in 
z-homogeneous valuations. 

Let C + (F^(V) , C) denote the subspace ofC(F+(V), C) of even section, i.e. sections which 
do not change when one reverses a coorientation of a hyperplane. Let C~(F+(V), C) denote 
the subspace of C(F+(V), C) of odd section, i.e. sections which change the sign when one 
reverses a coorientation of a hyperplane. Let us denote (resp. the restriction of \I/ 
toC + (¥ v + (V),£) (resp. C~(p%(V),C)). 

Let F V (V) be the manifold of linear hyperplanes in V (without coorientation). Let C + 
— > P V (V^) be the line bundle whose fiber over E is equal to Dens(E). Let £~ — > F V (V) be 
the line bundle whose fiber over E is equal to Dens(E) ®or{V/E). It is easy to see that one 
has canonical isomorphisms 

C + (W>l(V),£) ^C(P v (V0,£ + ), 
C-(Fl(V),£) ~ C(F V {V),£~)- 

Then obviously one has 

C(P V (V),£ + ) -> Val+^V), (2.3.3) 
: C(F V (V), £-) — Val-^V). (2.3.4) 

The following claim is obvious from the previous discussion. 
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2.3.5 Claim. \E' + is an isomorphism of vector spaces. The kernel ofty is equal to A n 1 V*® 
or(V). 

The next theorem is very useful. In the even case it was proved by Klain [30], and in the 
odd case by Schneider [3D] • First recall that a valuation is called simple if it vanishes on all 
convex compact sets of dimension less than n. 

2.3.6 Theorem (|30].|40j). A translation invariant continuous valuation is simple if and 
only if it is representable as a sum of a Lebesgue measure and an odd (n — 1) -homogeneous 
translation invariant continuous valuation. 

The group GL(V) acts continuously and linearly in the space Val(V) as follows: (g<p)(K) = 
(frlg^K) for any g G GL(V), <fi G Val(V), K G )C(V). Obviously this action preserves degree 
of homogeneity and parity of valuations. The next result was proved by the author [3], it 
will be used in the article many times. 

2.3.7 Theorem (Irreducibility Theorem, [3]). The natural representation of GL(V) in 
Valf(V), i = 0,1,... ,n, is irreducible, i.e. there is no GL(V) -invariant proper closed sub- 
space. 

2.4 Klain- Schneider realizations of valuations. 

In this section we describe GL(^)-equivariant realizations of Valf{V) as a subspace of the 
space of sections of certain line bundle over the Grassmannian GV;(V), and of Val^iV) as 
a subspace of a quotient of the space of sections of certain line bundle over the partial flag 
space J r i t i + i{V). The exposition follows [2], [3]. The even case was also considered in [31] 
using a slightly different language. These realizations of even and smooth valuations we 
call respectively Klain and Schneider realizations. The reason for such terminology is that 
behind these constructions stays a deep Klain-Schneider theorem 12.3.61 

Let us start with the even case. Let us denote by M. — > Gri(V) the complex line bundle 
whose fiber over E G GriiV) is equal to Dens(E). Let G Valf{V). For any E G Gri(V) 
let us consider the restriction <p\ E . Clearly <p\ E G Vali(E). But by Proposition 12.3. 1( 2) (due 
to Hadwiger) Vali(E) = Dens(E). Then defines a section in C(GVj(V), Ai). We get a 
continuous GL(V)-equivariant map 

Valf{V) -> C{Gn(V),M). (2.4.1) 

The key fact is that this map is injective. This can be easily deduced by induction on the 
dimension from the even case (due to Klain) of the Klain-Schneider theorem 12.3.61 (see [2], 
Proposition 3.1, or [31]). We call this imbedding the Klain imbedding. 

Let us consider the odd case. Let Fi^+iiV) denote the partial flag variety 

F iji+1 (V) := {(E,F)\Ec F,dimE = i,dimF = i + 1}. 

Let us denote by X — > Gri + i(V) the (infinite dimensional) vector bundle whose fiber 
over F G Gr i+1 (V) is equal to Val~(F). Let <p G Val~(V). For any F G Gr i+ i(V) let us 
consider the restriction <fi\p G Val^(F). Thus we get a GL(l / )-equivariant continuous map 

Val-(V)^C(Gr i+1 (V),X). 
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The key point is that this map is injective. This easily follows by the induction on dimen- 
sion from the odd case (due to Schneider) of the Klain-Schneider theorem 12.3.61 (see [3J, 
Proposition 2.6 for the details). 

Let Af — ► J 7 i,i+x(V) denote the line bundle whose fiber over (E,F) G Ti^xiV) is equal 
to Dens(E) <g>or(F/E). Applying the map (see (12.3.41) ) to every subspace F G Gr i+ i(V) 
(instead of V) we get a continuous map 

C(F i>i+1 {V),Af) — C(Gr i+1 {V), X). 

This map is onto. This follows from the fact that is onto and has finite dimensional 
kernel. 

Thus Val~(V) is realized as a subspace of a quotient of C(J r i t i + i{V), Af). We call this 
realization the Schneider realization. 

2.5 Product and convolution of smooth valuations. 

Let us denote by Val sm (V) the space of smooth valuations (in sense of Definition 11.2.11) 
under the natural action of the group GL(V) on the space Val(V). 

Let !C sm (V) denote the space of strictly convex compact subsets of V with C°°-smooth 
boundary. A typical example of smooth valuation is a functional K \— > voliK + A) where 
A G IC sm (V) is fixed. 

Product on smooth translation invariant valuations was defined by the author in [5] . Let 
us summarize the main properties of the product in the following theorem. Let us fix on V a 
positive Lebesgue measure voly- Below we denote by volyxv the product measure on V x V 

2.5.1 Theorem (0). There exists a bilinear map 

Val sm {V) x Val sm {V) — > Val sm {V) 

which is uniquely characterized by the following two properties: 

1 ) continuity; 

2) if <j){m) = vol v {m + A), if = vol v {m + B) then 

(0,^) vol VxV (M*) + ( Ax B )) 

where A: V — > V x V is the diagonal imbedding. 

This bilinear map defines a product making Val sm (V) a commutative associative algebra 
with unit (which is the Euler characteristic). 

2.5.2 Example ([5J, Proposition 2.2). Assume that dimK = 2. Let 0(K)=V(K,A), if{K) = 
V(K,B). Then 

(4>^)(K) = ^V(A,-B)vol(K). 

Convolution on Val sm (V) <S> DensiV*) was defined by Bernig and Fu in |15j . Let us 
summarize their result in the following theorem. 
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2.5.3 Theorem ([15]). There exists a bilinear map 

Val sm (V) ® DensiYY x Val sm (V) <g> L>ens(V)* — > Va/ sm (V) ® Derw^V)* 

which is uniquely characterized by the following two properties: 

1) continuity; 

2) if </>(•) = uoiy(« + A) g) voly 1 , ip = vol v (» + B) ® voly 1 then 

((f), ip) i-> vol v (m + A + B)® voly 1 . 

This bilinear map defines a product making Val sm (V) ® Dens(V)* a commutative asso- 
ciative algebra with unit (which is equal to voly ® voly 1 ). 

2.6 A technical lemma. 

For a future reference we state a simple and well known lemma (see [39], p. 294, particularly 
equality (5.3.23)). 

2.6.1 Lemma. Let f : V -» W be a linear epimorphism of finite dimensional real vector 
spaces. Let k := dimKer(f). Let volx e r,volw be Lebesgue measures on Ker(f),W re- 
spectively. Let voly := volxer <8> voly/ be the corresponding Lebesgue measure on V . Let 
A E fC(V),B E fC(Ker(f)). Then 

1 " " vol v (A + eB) =vol Ker (B)-vol w (f(A)). 



k\de k,l£=0 

Proof. It is an application of the Fubini theorem. Q.E.D. 

3 Functorial properties of translation invariant valua- 
tions. 

3.1 Pullback of valuations. 

3.1.1 Definition. Let /: V — ► W be a linear map of vector spaces. Let us define a map, 
called pullback, 

/*: Val(W) -> Val(V) 
by (f*4>)(K) = 4>(f(K)) for any K E K(V). 

3.1.2 Proposition, (i) f* is a continuous map of Banach spaces, 
(ii) f* preserves degree of homogeneity and parity of valuations. 
fmj(/i°/ 2 )* = / 2 *°/i*- 

Proof is obvious. Q.E.D. 
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3.2 Pushforward of valuations twisted by densities. 

For a linear map f'V — > W we are going to define in this section a canonical map, called 
pushforward, 

/* : Val(V) ® Dens{V*) — ► Val{W) ® Dens(W*). 
The main result of this section is the following proposition which is also a definition. 

3.2.1 Proposition. (%) Let f:V — ► W be a linear map of vector spaces. Then there exists 
a continuous linear map, called pushforward, 

/, : Val(V) ® DensiV*) — > Val(W) <g> Ltens^*) 

which is uniquely characterized by the following property. Let us fix Lebesgue measures voly 
on V, volxer on Kerf , volcoKer on CoKerf = W/Im(f), and let voli m be the induced 
Lebesgue measure on Im(f) (it is obtained as the image of the measure JJ 1 ^ on V/Ker(f) 
under the isomorphism f: V/Ker(f)—>Im(f) ). Then for any A G /C(V) 

f*(vol v (» +A)® voly 1 ) = 

I / V0ll m ((* + f(A)) n z)dvolcoKer(z) J <g> {vol Im (g> VolcoKer)' 1 

where volj m £g> volcoKer is considered as a Lebesgue measure on W under the isomorphism 
Dens(W) ~ Dens(Im(f)) (g> Dens(CoKer(f)). 

(ii)f* preserves the parity, and f*(Val m (V)) C V al 9+dimW _ dimV (W) . 

(Hi) (fi ° /2)* = fi* ° fa*- 

3.2.2 Remark. Before we prove this proposition let us discuss two special cases of the 
pushforward. Let us fix Lebesgue measures voly on V and voly/ on W. This choice induces 
isomorphisms Dens(V)—>-C, Dens(W)—>-C Under these identifications, /*: ValiV) — ► 
Val{W). 

(1) Let us assume that V is a subspace of W, and /: V W is the imbedding map. 
Consider the Lebesgue measure volyy/y := on W/V. For any G KaZ(V^) 

(f m <P)(K)= [ 4>{K n z)dvol w/v {z). 
Jzew/v 

(2) Let us assume that W is a quotient space of 1/, and / : V ^ W is the quotient map. 
Let (f) G ValiV) has the form = voly(K + A) where A G /C(V) is fixed. Then for any 
K G K(W) 

(M(K)=vol w (K + f(A)). 

Proof of Proposition 13.2.11 The uniqueness follows immediately from the McMullen's 
conjecture. Let us prove the existence. Let us decompose / as a composition of a linear 
surjection p: V -» X followed by a linear injection j: X W; thus / = j o p. Such a 
decomposition is unique up to an isomorphism (in the obvious sense). 

Let us define : Val(X)®Dens(X*) — > 1/a/(W)® J Dens(W*) as in Remark (3X2^1). Let 
us define now p* : V^a/fV) (g) Dens(l / *) — >■ Va/(X) ®Dens(X*). Let us fix Lebesgue measures 
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volxer on Ker(p) and volx on X. This induces a Lebesgue measure voly := voider ® volx 
on V. Let G Va/(V). Fix a set L G /C(V). Consider a valuation r on Ker(p) denned by 

where S G JC(Ker(p)), k = dim(Ker(p)). Recall that by a result of McMullen [33], 4>(L + eS) 
is a polynomial in e > of degree at most k. It is easy to see that r is a /c-homogeneous 
translation invariant continuous valuation on Ker(p). By a result of Hadwiger [21] r must 
be proportional to volxer with a constant depending on L and 0: 

r = C(L, 4>)vol Ker . 

It is easy to see that C(L,<f>) depends continuously on L G JC(V) and G Val(V), and 
linearly on 0. Let K G /C(X). Let K G /C(V) be an arbitrary convex compact set such that 
p(K) = K. Define 

]>{K) :=C(K,<P). 

3.2.3 Claim. <p(K) does not depend on a choice of K such that p(K) = K. 

Proof. Since C(K, 0) is continuous in G Val(V) when K in fixed, by the McMullen's 
conjecture, it is enough to prove the claim for 0(«) = voly{* + A) for A G JC(V). Let us fix 
S G K{Ker{p)) with vol Ker {S) = 1. Then C(K,<f>) = ^\ £=Q vol v (K + A + eS). But the 
last expression is equal to volx{p(K + A)) = volx(K +p(A)) by Lemma 12.6.11 Q.E.D. 

Next is a continuous translation invariant valuation on X. Translation invariance is 
obvious. In order to prove continuity and valuation property let us fix a linear right inverse 
of p, s: X -> V. For any K G K{X) let us choose K := s(K). Thus 4>(K) = C{s{K),(j)). 
Clearly the last expression is a continuous valuation in K G K,(X). Let us define 

p*(0 ® wo/" 1 ) := ® wo/^ 1 . (3.2.1) 

It is easy to see that the definition of does not depend on a choice of Lebesgue measures 
voly, volx- Finally define 

/» :=j>p». 

It follows from the construction that /* satisfies the assumptions of the proposition. 

(ii) is obvious. 

(iii) Let U A V A We have to show 

(/i o /a)* = /i* o / 2 ,. (3.2.2) 

First we will show this in a number of special cases. If f\ is an injection and / 2 is a surjection 
the equality (13.2.21) is clear by the construction of pushforward from the proof of part (i). 

3.2.4 Lemma. The equality ( EjQ|) holds if fx, / 2 are injections. 
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Proof. We may and will assume for simplicity that fx, / 2 are imbeddings of linear sub- 
spaces, thus U C V C W. Let us fix Lebesgue measures volu, voly/u, volw/v on U, V/U, W/V 
respectively. Let voly := voljj ® voly/u, volw '■= voly ®volw/v be Lebesgue measures on V, 
W respectively Let us fix G Val(U), K G K{W). We have 

{h*{<t> ® voly 1 ))^) = ( / (j){K n z)dvol v/u (z) J ® fo/y 1 , 

\Jz£V/U J 

(A*(/ 2 *(0 ® voZ^ 1 )))^) = ( / (/ 2 *(</> ® uo/p 1 )^ n iu) ® uo/y) ■ tfooZw/^iw) j ® voZ^ 1 = 

^ 4>(K n x)d ® wo # = (/i o / 2 ),(0 ® t^z- 1 ). 

Lemma is proved. Q.E.D. 

3.2.5 Lemma. The equality h3.2.2\) holds if fx, / 2 are surjections. 

Proof. Let us fix Lebesgue measures volx, V0I2, volw on Ker(fx), Ker(f2), W respec- 
tively. Set volu := volx ® V0I2 <8> volw G Dens{U), voly = volx <8> woZvk G -Dens(V). Assume 
that G VaZ(i7) has the form 

0(.) = uoZt/O + A) 

where A G /C(f/) is fixed. Then 

Cf 2 *(0 ® vol^))(K) = «oZ y (ir + / 2 (A)) ® ^oZ" 1 , 

(/i*(/ 2 *(0 ® vo^ 1 ))) (tf) = ™Z W (K + /i(/ 2 (A))) ® uoZ^ 1 . (3.2.3) 
On the other hand 

(/1 o hU<j> <g> voly l )(K) = vol w (K + (fx o / 2 )(A)) (g) ^ (3.2.4) 

Comparing (I3.2.3|) and (13.2.41) one concludes the lemma using the McMullen's conjecture. 
Q.E.D. 

3.2.6 Lemma. The equality Ii3.2.2\) holds if fx is a surjection, / 2 is an injection. 

Proof. We will assume for simplicity and without loss of generality that U C V and 
/ 2 : U •— > V is the identity imbedding. Also we may assume that W is a quotient space of 
V, and fx : V -» W is the canonical quotient map. 

Step 1. We consider the case 

' Ker(fx) C U. 

Denote k := dim i^er(/i) . Let us fix Lebesgue measures volxer on Ker(fx), volu on U, 
voly/u on V/U. Let t>oZy = volu <8> voly/u, volw '■= be the Lebesgue measure on W. 

Let 4> G Val{U) has the form 

</>(•) = volu(» + A) 
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for some A G K,(U). Then for any L G fC(V) we have 



(/2*(0 ® vol v x )) (L) = / vol v ((L Dz) + A)dvol v/u (z) ® uo/y 1 . 

\Jz€V/U J 

Now let us fix a linear right inverse of f\ 

s:W^V. 

Let M G K,(W). Let M := s(M). Let us fix a set S G K.{Ker{f 1 )) with voZ^ er (S) = 1. By 
the construction in the proof of part (i) we get 

(fUf2*(4>®vol l } 1 )))(M)= (3.2.5) 

i d k ( r / ~ \ \ 

volu i((M + eS) n z) + A) dvol v/u (z) J ® vol^ = (3.2.6) 



k\de kl£=0 
~k\de^ 



z€V/U 



6=0 



a 



uo/tf ((M nz) + £5 + i) dvol v/u (z) ] ® wo/^ 1 = (3.2.7) 
vol w ((M n z) + /i(A)) dvol v/u (z) J ® wo/^ 1 . (3.2.8) 



e(V/Kerfi)/(U/Kerfi) 

where the equality (13.2.61) follows from the fact that (M + eS') fl 2; = (M Hz) +eS since 5 C 
lfer(/i) C U, and in fl3X7l) we used the identification V/U = (V '/ 'Ker{f x ))/ '(U / 'Ker{h)). 
Let us compute now (fx o / 2 )*(0 ® vol^ 1 ). The map /1 o f 2 factorizes as 

U ^ U/Ker{h) ^ V/Ker{f x ) = W. 
By the construction from part (i) 

(/1 ^2)* = j* °P*- 

We have for any L G /C(V) 

(p*(0 ® ^o^ 1 )) (L) = vol u/Ker (L + p(A)) ® vol~j Ker . 
Next for any M G £(W) 

(j;(^(0®^)))(M)= (3.2.9) 

M^((Mnz)+p(A))dTOl 7/[; (z)] ®voZ^. (3.2.10) 

zev/t/ / 

Comparing (13.2.71) and (13.2.101) and observing that p(A) = fi(A), we conclude Step 1. 
Step 2. At this step we will assume that j\ o f 2 is injective. 

Let us choose s: W — > V a right inverse of f\ so that s{W) D f2(U). Let H := Ker(fi). 
To simplify the notation and without loss of generality we will identify U with f2(U), and 
W with s(W). Let us fix Lebesgue measures volu on U, volw/u on W/U, volu on H. Let 
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volw '■= volu ® volw/Ui V0 W '■= volw ® voljj, voly/u '■= volw/u ® voln be the corresponding 
Lebesgue measures on W, V, V/ U respectively. 

Let G Val(U). Let us fix K G JC(W). Then we have 

{(hof 2 W®volu 1 ))(K)= [ <P(Knz)dvol w/u (z)®vol£. (3.2.11) 

Jz€W/U 

Let us fix a subset S C H with voIh(S) = 1. Denote := dim if. Then for any L G JC(V) 
we have 



(/2*(0 ® voly 1 )) (L) = I / 0(L n x)dvol v/u {x) g> uoZy 1 . 

\JxeV/u J 

Next for any K G /C(W) 

(/i*(/ 2 *(0®^ 1 )))(K)= (3.2.12) 

^[^fcLo ^^((^ + ^)nx)W F/{/ (x)j Ouo/^ 1 . (3.2.13) 

But since K CW and S C H, x <E V/U, 

(K + eS)Hx = (K Hx) + (eS n x) 
and Sif? fl x is either a point or the empty set. Hence (13.2. 13j) can be continued as 

1 d k , 



k\de k 



e=0 



4>(K fl x)dvol w /u(x) J ® vo/^ 1 

xew/u 



J3 2.111 

0(AT n ^cfoo/^Or) ) <8> vo/^ 1 ((/i o / 2 )„(0 ® i^ 1 )) (X). 



x€W/U 

This completes Step 2. 

Step 3. Let us consider finally the case of general surjection fi and general injection f 2 . 

We will assume again that U is a subspace of V, and is a quotient space of V. Set 
A := U fl Ker(fi), X := V/A. We can decompose uniquely /2 : -» W as a composition of 
two surjections 

q p 

V -» X -» w 

where p: V ^ V/A = X is the canonical surjection. By Lemma [3.2.51 

/i* = o g*. (3.2.14) 

Let us denote Y := U/A. Let £: U -» Y be the canonical surjection, and j : Y ■=— > X be the 
natural imbedding. Note that Ker(q) — A <Z U. Then by Step 1 and the construction of 
the pushforward from part (i) we get 

q* ° /2* = (?° I2)* = (j ° £)* = j* ° £*• (3.2.15) 
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Clearly p o j : Y — > W is injective. Hence by Step 2 

P*° 3* = (p° j)*- (3.2.16) 
Using fl3.2.14p . fl3.2.15l) . and 03.2.161) we obtain 

fl* ° h* =P*°?*° /2* = P* ° 3* ° ** = (P ° j)* °** = (/l ° /2)* 

where the last equality follows from the facts that /i o / 2 = {p ° j) ° t, i is surjective, p o j is 
injective, and from the construction of the pushforward from the proof of part (i). Lemma 
is proved. Q.E.D. 

Now let us finish the proof of Proposition 13.2. l( ii) for general fi, f 2 - Let us decompose 

fi = jl°Pl, /2 = 32° V2 

where 31,32 are injections, pi,p2 are surjections. By definition 

fi* ° h* = ji* Pi* 32* ° P2*- (3.2.17) 

Let us decompose p\ o j 2 = j'3 o p 3 where j'3 is an injection, p 3 is a surjection. By Lemma 
I3.2.6j pu o 22* = (pi o j 2 )* = ;?3* P3*- Hence using this, (13.2.171) . and Lemmas 13.2.41 13.2.51 

we get 

fi* h* = h* 33* Ps* P2* = til J3)* (pa P2)* = (/1 

where the last equality follows from the construction of the pushforward given in the proof 
of part (i). Proposition 13.2.11 is proved. Q.E.D. 

3.3 Relations to product and convolution. 

We will explain the relation of pullback and pushforward to product and convolution. But 
first we will have to remind the notion of exterior product of smooth translation invariant 
valuations. Let V, W be finite dimensional real vector spaces. In [5] the author has defined 
a continuous linear map 

Val sm {V) x Val sm (W) -> Val{V x W) (3.3.1) 

called the exterior product. For <fi e Val sm (V),ip G Val sm (W) their exterior product is 
denoted by <f>Mij}. The map (13.3.11) is uniquely characterized by the following property. Let 
</>(•) = volyi* + A), ip(») = volw{* + B) where voly, volw are Lebesgue measures on V, W 
respectively, A e IC sm (V), B e K, sm {W). Then 

(<j) IE V) (K) = (vol v m vol w ) (K+(AxB)) 

for any K e JC(V x VF), and where voly M volw denotes the usual product measure. Note 
that the exterior product of two smooth valuations may not be smooth. 



26 



In Appendix of this article we show a slightly more precise statement which will be 
useful later for some technical reasons. Namely it is shown that the exterior product extends 
(uniquely) to a continuous bilinear map 

Val(V) x Val sm (W) -> Val(V x W), 

i.e. the first variable may be replaced by continuous valuations instead of smooth. 

The following proposition is essentially the definition of the product of smooth valuations 
from [5]. 

3.3.1 Proposition. For any (p,ip G Val sm (V) 

where A : V V x V denotes the diagonal imbedding. 

Let us explain now the relation between the convolution and the pushforward. Clearly 
Dens{V x W)* = Dens(V*) <g> Dens(W*). Hence the exterior product (13.3.11) tensored with 
Idoensivxw)* gives a continuous bilinear map 

(Val sm (V) ® DensiV*)) x (Val sm {W) ® DensiW*)) -> 

VaZ(V x W) ® £>ens(y x W)* 

which will also be called exterior product and denoted by KL Let us denote by a: V x V 
— ► V the addition map, i.e. a(x, y) = x + y. 

3.3.2 Proposition. For any (p,ip G Val sm (V) (g> Dens(V*) one has 

Proof. Let us fix a Lebesgue measure voly on V. By continuity and the McMullen's 
conjecture it is enough to prove the proposition for </>(•) = voly(» + A), ip(») = voly(* + B) 
with A,B E K, sm {V). Then 

((f) E V>)(«) = (voZv Kl f 0/y)(« + (A X £)) (g) (wo/y g> Voly)' 1 . 

Next 

(a»(0 K = vol v (» + a{A x B)) <g> fo/^ 1 = voZv(» + A + 5) <g> vo/^ 1 = (0 * ^)(«). 

Q.E.D. 

3.4 Homomorphism property of pushforward. 

The main result of this section is the following proposition. 

3.4.1 Proposition. Let p: X -» Y be a linear epimorphism of vector spaces. Then for any 
<p G Val sm (X) ®Dens(X*) the pushforward p*4> is smooth, i.e. p*(f) G Val sm (Y) ®Dens(Y*) , 
and 

: Val sm (X) ® L>ens(X*) — > Val sm {Y) ® Dens(Y*) 
is a homomorphism of algebras (when both spaces are equipped with convolution). 
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It is easy to see that p*0 is smooth if p is surjective and is smooth. In order to prove 
the second statement of the proposition we will need another proposition. 

3.4.2 Proposition. Let 

A: Vi — Wi, 

be linear maps. Let (pi 6 Val(Wi) ® Dens(W*) , i = 1,2. Assume that A is surjective and 
0i is smooth. Then 

(A^A)*(0i^02) = A*0i^A*0 2 . 

Proof. Let us fix Lebesgue measures volxer on Ker(fi), vol^x on Wi, volw 2 on W 2 , voly 2 
on V 2 . Let voly 1 = volxer ® volwx be the induced Lebesgue measure on V\. Observe that by 
the Appendix to this article, both sides of the last equality are continuous with respect to 
0i G Val^iVx) ® Dens(V{),fa G Va^Va) ® Dens(V 2 *). 

Hence, by the McMullen's conjecture, we may assume that 

<M # ) = vol Vi {* + Ai) (g> fo/^ 1 , i = 1,2. 

Then 



)1 K0 2 )(«) = My, El w/y 2 )(« + (A 1 X A 2 )) ® {vol Vl Mvoly^ 1 . (3.4.1) 



Then 



(A*0i)( # ) = vol Wi (* + fi{Ai))®vol^ v i = 1,2, 



(A B A)* (0i B 2 )(«) = (voZ Wl B voZ W2 )(« + x A (A 2 ))) ® (wl^ B vo/^)- 1 = 

(A*0i^A*02)(«)- 

Proposition 13.4.21 is proved. Q.E.D. 
Proof of Proposition 13.4.11 Let 

ax'- X x X — > X, 
ay'-YxY — >Y 

be the addition maps. Then 

p„((j) *ij))= p*(a x *((p E -0)) = (p o a x )*(0 B -0) = 
(ay o (p x p))*(0 Kl -0) = a r *((p x p)*(0 B 0) Lemi ^532] 



Q.E.D. 
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3.5 Base change theorem. 

Recall that a commutative diagram of linear maps of vector spaces 



B 



9 



u 



C 



D 



is called a Cartesian square if it is isomorphic to a diagram 

pr x 



Y x z X 



X 



pry 



u 



Y 



Z 



where Y x z X := {(y, x) G Y x X\ v(y) = u(x)} and pr x : Y x z X 
— >■ Y are the natural maps. 



X and pry : Y x z X 



3.5.1 Lemma, ft) Let 



X 



X 



f 



f 



Y 



Y 



be a Cartesian square of vector spaces such that f © g: X (&Y — > Y is onto. Then there 
exists a canonical isomorphism 

DensjX*) _ DensjY*) 
Dens{X*)~* Dens(Y*)' 

(ii) The following transitivity property of the isomorphism from part (i) holds. Assume 
that we have the following commutative diagram: 
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If the two small squares are Cartesian then the exterior contour is Cartesian. If /i © g and 
f'2 © 9 ar & onto, then (f 2 o fi) © g is onto. 

Moreover in the last case the isomorphism ^ens(x) ~^ DenMz] corresponding to the exterior 
contour of the diagram by the part (i) of the lemma, is equal to the composition of the 
isomorphisms 

Dens(X) _ Dens(Y) _ Dens(Z) 
Dens{X)~* Dens(Y)~* Dens(Z) 
corresponding to the small Cartesian squares. 

Proof, (i) We have the short exact sequence of vector spaces 

-> X f ^ X © Y ^ Y -> 0. 

Hence 

Dens(X © Y) ~ Dens(X) © Dens(Y). 
But on the other hand Dens(X © Y) — Dens(X) © DensiY). Hence 

Dens(X) © Dens(Y) ~ Dens(X) © Dens(F). 

Dualization of this isomorphism implies part (i). 

The proof of part (ii) we leave to the reader. Q.E.D. 

We have the following result we call the base change property. Roughly put, it says that 
for a Cartesian square as above one has 

9* /* = f*° 9*- 
3.5.2 Theorem (Base change theorem). Let 

f 




(3.5.1) 

be a Cartesian square of vector spaces such that f © g: X @Y — > Y is onto. Consider the 
following two maps 

Val(X) © Dens(X*) — > Val(Y) © DensiY*), 
the first map given is by the composition 

Dens(X*) f,®id 



Val(X)®Dens{X*) = (Val(X) © Dens{X*)) 



Dens(X* 



(Val(Y) © DensiY*)) © — = Val(Y) © Dens(Y*) — + 

Val(Y) © Dens(Y*) 
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where we have used the identification DensiY*)®^^^^ 
and the second map is given by the composition 



Dens(Y*) from Lemma \3. 5.lY i); 



hi 



Val(X) ® Dens(X*] 
Then these two maps coincide. 



Dens(X*) 



Val{X) ® Dens(X*) -A Val{Y) ® Dens(Y*) 



Proof. We will prove this result in several steps. In the first two steps we will show 
that it is enough to prove the theorem under the assumption that each of / and g is either 
injection or surjection. Then we will prove the theorem in each of these cases. 

Step 1. Transitivity with respect to /. 

Assume that we have a commutative diagram 

h h 




such that fi@g and f2®g are onto and two small squares satisfy conclusions of the theorem. 
Then the diagram of the exterior contour also satisfies these conclusions by Propositions 
[3TOr iii). l331T iii). and Lemma E£0[ii). 

Step 2. Transitivity with respect to g. 

Assume that we have a commutative diagram 




such that / © gi and / © g 2 are onto, and the small squares satisfy the conclusions of 
the theorem. Then, as in Step 1, the diagram of the exterior contour also satisfies these 
conclusions by Propositions 13. 1 .2T iii) . l3.27TT iii) . and Lemma l3.5.1( ii). 
Step 3. Let us assume that g is surjective. 
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Then we may and will assume that 



and g is the projection pry : Y © L - 
-> X, and f = f B Id L : X © L — ► F 
diagram 

X©L- 



F = FffiL 

F. Hence X = X © L, g is the projection prx : X @ L 
B Thus the diagram (13.5.11) becomes equal to the 

f®Id L 



Y 



)L 
Wy 



f 



Observe that we have canonical isomorphisms 

D(X*) D(Y*) 



Y 



D(L* 



(3.5.2) 



D(X*) D(Y* 

Let us denote I := dimL. Let us fix Lebesgue measures voIl on L and volx on X. Let us 
fix also S G JC(L) such that voIl(S) = 1. Abusing the notation we will denote the first map 
in the statement of the theorem by "pr Y ° /*", and the second map by "(/ x Idi,)* o pr x " . 
We have to show that they coincide. We may decompose / into a composition of injection 
and surjection and, using Step 1, prove the result separately in each case. 

Case a. Assume that / is surjective. 

Then X may and will be assumed to be equal to F © M, and / : F © M — > Y is the 
natural projection. Thus X = Y © M © L. Then the diagram (13.5.21) becomes equal to 



F © M 
prx 
X = Y 



L 



fMId L 



Y 



Wy 



M 



I 



Y 



(3.5.3) 



Let us fix a Lebesgue measure voIm on M. Let voly = £ Dens{Y). Let us denote 
m := dimM. Let us fix T e K(M) such that vol M (T) = 1°. Let us fix G Val(Y © M) © 
Dens((Y © M © L)*). Finally let us fix an arbitrary subset K G JC(Y © L). Then we have 



\pryoQ»(<p)(K) = ^f»<P){pr Y {K)) 
1 <i' m 

| o 0(pr y (X) x eT) ®vol M 



m\ de m 
1 dP 



m 



\de ml ° 



(j) {pr x {K x eT)) © vol 



M- 



On the other hand 



1 d m . 

m! rfe" 1 ' 
1 d 



ml de 



»{fMId L \op r y{<P){K) = 
o yr x "(<f))(KxeT)®volM = 
<p{pr x {K x sT))®vol M - 



m 1 ' 



(3.5.4) 
(3.5.5) 

(3.5.6) 

(3.5.7) 
(3.5.8) 

(3.5.9) 
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Since fl3.5.6p = ( l3.5.9p . Case a is proved. 

Case b. Assume that /: X — > Y is injective. 

It suffices to consider the case when X is a subspace of Y, and / is the identity imbedding. 
Let us fix Lebesgue measures volx on X, voly on Y. Set voly/x '■— G Dens(Y / X). 
Then the diagram f)3.5.2p becomes equal to 



X®L— ^Y 



pr x 



pry 



X 



f 



Y 



We have 



'z&Y/X 

On the other hand we get 



'pr* Y o f m »(<j>)(K) = ( n f. n <j>)(pr Y (K)) = 
4>(prY(K) fl z)dvoly/x{z) <S> vol Y ) x = 

z&Y/X 

4>(pr Y (K D (z x L)))dvol Y /x{z) <8> volyj x . 



z£Y/X 



"(f®Id L )*opr x "(<f>)(K) 
(pr* x (j))(K fl(zx L))dvoly/x <%> vol Y j x 



z&Y/X 



4>(pr x (K (1 (z x L)))dvol Y /x ® v °ly/x 



(3.5.10) 

(3.5.11) 
(3.5.12) 

(3.5.13) 

(3.5.14) 
(3.5.15) 

(3.5.16) 



Comparing (13.5. 13j) and (13.5. 16j) and making appropriate identifications of subsets of X 
inside Y, we conclude Case b. Thus Step 3 is completed. 
Step 4. Assume that g is injective. 

Then we may and will assume that Y C Y and g : Y — ► Y is the identity imbedding. Let 
us fix Lebesgue measures vol Y on Y and voly on Y. Set 



vol 



voU 



y l y - voL 



e Dens(Y/Y). 



By Step 1, it suffices to prove the result in two cases: either / is surjective or injective. 
Case a. Assume that / is surjective. 

Then we may assume that X = Y © M and / = pry: Y © M 
projection. Then the diagram (13.5.11) becomes equal to 



Y is the natural 



Y ©M 
g = g E Id M 

Y®M 



pr Y 



pry 



Y 



Y 



(3.5.17) 
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Let us fix a Lebesgue measure voIm on M, and T £ fC(M) such that voIm(T) = 1. Set 
t, / x : = wo /y g) W Z M £ DensiY © M) = Dens(X). Let £ V^a/(F © M) © Dens(Y © M). 
Let us fix also K £ /C(F). 
We have 

(V opr y# ")(0)W = ("pry,"(0))(K) = (3.5.18) 

1 rf™ , 

^U<* >< «n (^.19) 

On the other hand we have 

1 r/ m , 

("Ff*°D(^W = ^!^lo('T»(^ x sT) = (3.5.20) 



1 d m , 

^U(* >< (3-5.21) 



Comparing (13.5. 19[) and (I3.5.2ip we conclude Case a. 
Case b. Assume that / is injective. 

We may and will assume that X C Y and / is the identity imbedding. Under these 
assumptions X — X n Y. Let us fix decompositions 

X = X®L, 
Y = X®M. 

Then Y = X © L © M (since we assume that f @g: X (BY — > V is onto) . Then the diagram 
( 13.5.11) becomes the following diagram of imbeddings 

X *X®M 



Id x B L 



X® L ~M ^T7^X®L®M ■ (3.5.22) 

Id X(BL M U Af 

Let us fix Lebesgue measures vol x , voIl, voIm on X, L, M respectively. Let 

volx '■= vol x © voIl £ Dens(X), 
voly := vol x © voIm £ Dens(Y), 
voly := vol x © voIl © voIm £ -Dens(Y). 

Fix £ 1/a/(X) © Dens(X*). Fix If £ /C(Y). We have 

(V o /*")(0)(*Q = ("/*'» (iO = (3-5-23) 
0(fT n (x + (X © L)))dvol M (x) © do^ 1 = (3.5.24) 

0((K D (x + X)) x {0 L }) © voIl}. (3.5.25) 
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On the other hand we have 



C7*°r")(0)W= (3-5.26) 
f ("g*"4>)(K n(x + X))dvol M {x) ® volll = (3.5.27) 

JxEM 

[ <P{{K n (x + X)) x {0 L }) <8> voIm 1 . (3.5.28) 

JxGM 

Comparing (I3.5.25[) and (I3.5.28[) we conclude Case b. Thus Step 4 is proved. 

Step 5. Let us consider the general case. By Step 2 we may assume that g is either 
injective of surjective. Now the theorem follows from Steps 3,4. Q.E.D. 

The next result is in fact an equivalent reformulation of the base change theorem. It will 
be needed later. 



3.5.3 Theorem. Let 




be a Cartesian square of vector spaces such that f © g: X (BY — ► Y is onto. Consider the 
following two maps 

Val(Y) ® DensiY*) — > Val(X) <g> Dens(Y*). 
The first map is the composition 

ValiY) <g> Dens(Y*) ^ ValiY) ® Dens(Y*) r9ld £^^ Val(X) ® DensiY*); 
and the second map is the composition 

Val(Y)®Dens(Y*) f *® Id ^* ] 
DensiY*) 



Val(X) <g> DensiY*) = Val(X) ® Dens(X 



Dens(X*) 



(ValiX) ® DensiX*)) ® £>ews ^ j = \Z a /(X) ® Dens(r*) 

L>ens(X*) 

where in the last equality we have used the identification from Lemma Y3.5.lV i). 
Then these two maps coincide. 

Proof. This result is obtained from Theorem 13.5.21 by flipping the diagram in the latter 
theorem with respect to the diagonal, twisting all the spaces by ^^[y*) ' anc ^ usm S the 
isomorphism ® Dens(X*) ~ DensiY*) from Lemma [3.5. l( i). Q.E.D. 
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4 An isomorphism of GL(V)-modules Val n ^(V) and 
Valp sm (V*) (g) Dens(V) 

The main result of this section is the following proposition. 

4.1.1 Proposition. Let I < p < n-l. The GL(V) -modules Val~f p (V) and Val~' sm {V*)® 
Dens(V) are isomorphic. 

Proof. Step 1. By [5] the product on valuations 

Val~t™ x Val~' sm (V) -> Val n (V) = DensiV) 

is a perfect pairing. It follows that the induced map 

Val~'l™ -> (Val-' sm (V))*' sm ® Dens(y) (4.1.1) 

is an isomorphism of GL(V) -modules. Thus to prove the proposition we have to show that 
the GL(V)-mo<Mes (Val p < sm (V))*> sm and Val p ' sm {V*) are isomorphic. 

Step 2. For a vector space W let us denote by T k ,k+i(W) the manifold of partial flags 

F k , k+l {W) := {(F, F) | F e Gr fc (W0, F e Gr fe+1 (W), F c F}. 

Let .A/U^+ifW) — ► Ffc^+ifW) be the vector bundle such that its fiber over a pair (F C F) e 
•Ffc,fc+i(W) is equal to F. Similarly let J\f k , k +i(W) — > Fk,k+i(W) be the vector bundle such 
that its fiber over (F C F) G F k , k+1 {W) is equal to F. Thus M k , k+1 {W) C N k , k+1 {W). 
By 12], Va^ ,sm (W) is isomorphic to an irreducible subquotient of 

C^{T hk+1 {W)A^Ml k ^{W)®or{N kM1 {W))). 

Thus VaZ~' sm (V*) is isomorphic to an irreducible subquotient of 

G 00 (F p , p+1 (^),det^; >p+1 (y*)®or(Ar PiP+1 (V*))). 

Step 3. Now we will show that both (Valp sm (V))*' sm and Val~' sm (V*) appear in the 
Jordan-Holder series of the same degenerate principal series representation. 

Step 2 implies that (Val~' sm (V))* ,sm is isomorphic to an irreducible subquotient of 

C°°(F p , p+1 (V),detM p , p+ i(V) ® or(Af p , p+1 (V)) ® K, p+l( vol) (4.1.2) 

where |a>x| denotes the line bundle of densities over a manifold X. 

Recall that by Step 2 l/aZ~' sm (V*) is isomorphic to an irreducible subquotient of 

G 00 (F p , p+1 (\/*),det>i; p+1 (^)®or(Ar PiP+1 (\/*))). 

By taking the orthogonal complement, F P)P+ i(V*) is identified with jF n _ p _i in _ p (V). Then 
M pp+1 (V*) is identified with V/Af n - P -i,n~ P {V), and Af PtP+1 (V*) is identified with the bundle 
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(VJ \M n - p -i tn - p (y))* where V_ = .Fn-p-i,n-p(X) x V. Of course, all the identifications are 
GL(V)-equivariant. Hence 

C°°(F p , p+1 (V*),detM* PjP+1 (V*) ® or(Af p , p+1 (V*))) = (4.1.3) 
C°° (f n - p - hn . p (V), det(V/K-p-i,n- P (V)) ® or(V/M n - p -i, n - p (V))) . (4.1.4) 

By Corollary 11.3.71 the natural representations of GL(V) in the spaces (I4.1.2P and (14.1.41) 
have the same Jordan-Holder series. Hence both (Val~' sm (V))*' sm and Val~ ,sm (V*) appear 
in the Jordan-Holder series of (14.1.41) which is isomorphic to (I4.1.3p . i.e. to 

X := C°°(F P!P+1 (V*),detM* PtP+1 (V*) ® or(N p , p+ i(V*))). (4.1.5) 

Step 4. In this last and the most technical step we will show that (Val~ ,sm (V))*' sm can- 
not be isomorphic to any constituent of the Jordan-Holder series of (I4.1.5P different from 
Val~ ,sm (V*). This will finish the proof of the proposition. Remind that to any finitely 
generated [/(g)-module M one can attach an algebraic subvariety of the variety of nilpotent 
element of g which is called associated variety or Bernstein variety. We refer to [T7] for the 
detail on this notion. It turns out that the associated variety of (V al~' sm (V))*' sm is equal 
to the variety of complex symmetric nilpotent matrices of rank at most 1. Indeed by the 
Poincare duality (14.1.11) this space is isomorphic to V al~^™ '(V) <g> Dens(V)*. Clearly the 
associated variety of the last space coincides with that of Val~^™(V). But by [3], Theo- 
rem 3.1, the associated variety of Val~^™(V) is equal to the variety of complex symmetric 
nilpotent matrices of rank at most 1. 

Let us remind few facts about the structure of the space (I4.1.5p . Let 

q: F p , p+ i(V*) ^ Gr p+1 {V*) 

be the canonical projection. Let T p+ i(V*) — > Gr p+ i(V*) be the tautological bundle, i.e. 
the bundle whose fiber over F G Gr p+ i(V*) is equal to F. It is clear that M P)P+ i{V*) = 
q*{T p+1 {V*)). Hence 

or(A/;, p+1 (n) = q*(or(T p+1 (V*)). 

Consider the map of vector bundles N* )P+1 (V*) — ► A^* p+1 (l / *) dual to the natural imbedding 
■Mp, P +i(V*) •— > Ap lP +i(y*). The p-th exterior power of this map induces a map 

y := c°°(Gr p+1 (v*), A p r; +l (v*) ® or(r p+1 (v*))) - 

<^{F P j+i(V%det M^V*) ® or(AT PtP+1 (V*))) = X. 

Clearly this map is GL(^/)-equivariant (and in fact injective). The Casselman-Wallach the- 
orem implies that the image of this map is a closed subspace. We will identify y with its 
image in X under this map. By [2], Val~' sm (V*) imbeds GL(^)-equivariantly as a subspace 
in X/y. Moreover, by [3], Section 5, Val~' sm (V*) is the only irreducible subquotient of X/y 
whose associated variety consists of complex symmetric nilpotent matrices of rank at most 
1. 
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Hence it remains to show that (Val p ' sm (V))* ,sm cannot be isomorphic to any of the 
irreducible subquotients of y = C°° (Gr p+1 (V*) , N>T* +l {V*) ® or(T p+1 (V*))). 

Before we will treat the general case, let us observe now that if p + 1 = n then the last 
statement is trivial since (Val~ ,sm (V))*' sm is infinite dimensional while y = A P V* ® or(V*) 
is finite dimensional (since Gr p+ x(V*) is just a point). Hence for p = n — 1 Proposition 14. 1 . ll 
is proved. By symmetry, replacing V by V*, Proposition 14. 1 . ll follows also for p — 1. 

Let us assume now that 2 < p < n — 2, hence n > 4. In this case we are going to use 
the Beilinson-Bernstein localization theorem. First we will have to introduce more notation 
and remind some constructions from [3]. 

Let us fix a Euclidean metric on V*. Let Go — GL(V*). Let g = Lie(Go) be the Lie 
algebra of G . Let g := g ®k C be its complexification. Let K C Go be the subgroup of 
the orthogonal transformations of V*. Let K be the complexification of Kq. Let G be the 
complexification of G . Thus G ~ GL n (C), Lie(G) = g. 

Let c Gr k denote the Grassmannian of complex /c-dimensional subspaces of V*<S>^C =: C V. 
Denote 

C F P , P+ i ■= {{E,F)\Ec F,Ee c Gr p ,Fe c Gr p+1 }. 
Let ^ 7 be the variety of complete flags in ^*. We have the canonical projection 



j i 



p,p-i 



(4.1.6) 



It is well known that the group K acts on C JF (and hence on c J r P;P+ i, c Gr p ) with finitely 
many orbits. 

Let us fix a basis ex, e 2 , . . . , e n in V* . Let T C G be the subgroup of diagonal trans- 
formations with respect to this basis. Let B C Go be the subgroup of upper triangular 
transformations. Let T and B be the complexifications of To and Bq respectively. Thus 
T C G is a Cartan subgroup, B C G is a Borel subgroup. 

Let P C G be the subgroup of transformations of preserving the flag span^{ex, • • • , e p } C 
span^{ex, . . . ,e p , e p+ x}- Let P C G be its complexification which is a parabolic subgroup of 
G. Then clearly T C B C Pq, T C B C P. By t, b, p we will denote the Lie algebras of 
T,B,P respectively. 

Clearly in the basis ei,...,e n the subgroup T consists of complex diagonal invertible 
matrices, B consists of complex upper triangular invertible matrices, and 





A * * 




'■{ 


Ob* 


| A g GL P (C), beC*,C e GL n „ p 




_ G _ 





l(C) 

Let us consider the character x' p/[p>p] — ¥ C given by 

-Tr(A). (4.1.7) 
Let x : b/[b, b] — > C be the composition of x with the canonical map b/[b,b] — > p/[p,p]. It 



X 



A * * 
Ob* 
C 
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is easy to see that 
/ 



X 









VL o 



Xv 



x p +i 




* 

X n _ / 



-(xi H h x p ). 



We will be interested in 2X-modules on c jF pp+1 and P x -modules on c jF. Clearly we have 



the pullback functor 



4.1.2 Lemma. The character x- b/[b,b] 
TJ1\ 



mod — > V^F) — mod. 

— ► C is dominant and regular in sense of Definition 



Proof. Let X - B /[B ,B ] 



C* be the character of the group defined by 
(zi . . . Zp)' 1 





f 




* * 
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X 







* 






V 





• • • z n 


J 



Consider the representation Ind^°x- By Proposition 11.4.61 in order to prove that x 1S 
dominant and regular it is enough to show that Ind^x has a non-zero finite dimensional 
submodule. But we have a natural non-zero map A P V — > Ind^x- Hence lemma is proved. 
Q.K.I). 



mod 



4.1.3 Corollary. The functor of global sections 

T: V^Fpip+i) - mod <, 
is exact and faithful. 

Proof. Since the morphism q is projective and smooth 

T = f o q* 

where T is the functor of global sections on the category V^F) — mod. T is exact and 
faithful by Lemma 14.1.21 and the Beilinson-Bernstein theorem. The functor q* is exact and 
faithful too since q is a smooth morphism. Hence T is also exact and faithful. Q.E.D. 

Let us now remind, following [3], the construction of a i^-equivariant P x -module A4 on 
c Tp such that the space of its global sections is isomorphic, as a (g, i^)-module, to the 
Harish- Chandra module of X (defined in (I4.1.5P ). 

Let B be the complexification of the Euclidean form on V*. Thus B: C V x c V — ► C 
is a symmetric non-degenerate bilinear form. Let U C c J r p . p +i denote the open i^-orbit of 
c T p ,p + i. Let j : U '-^ c J-'p,p+i denote the identity imbedding. Explicitly one has 

U = {{E, F) G C J-* P)P+1 | the restrictions of B to E and to F are non-degenerate}. 
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Let us fix an element (E , F ) e U. The stabilizer S C K of this element is isomorphic to 
the group 0(p, C) x 0(1, C) x 0{n — p — 1, C). Note that S 1 is a reductive group, and hence 
U = K/S is an affine variety. 

The category of K-equivariant "D x -modules on the orbit U is equivalent to the category 
of representations of the group of connected components of S. Let Mq be the if-equivariant 
D x -module on U corresponding to the representation of S ~ 0(p, C) xO(l, C)xO(n-p-l, C) 
given by 

^ det A ■ det 5. 

Let us define := j*A4o. It was shown in [3] that the (g, K) -module Y^T P ^\M) is 
isomorphic to the Harish-Chandra module of X . 

Let us describe now the .ff-equivariant sub-D x -module Af C M. corresponding to the 
Harish-Chandra module of y (more precisely, r^v-*p )P+ i, A/") coincides with the Harish- 
Chandra module of y C X). 

Let us denote by V C c J r PiP+ i the (open) subvariety 

V := {(E,F) G s.t. B\ F is non-degenerate}. 

Then U C V. Let j': £/ V and j": V c jF pp+1 denote the identity imbedding mor- 
phisms. Set 

x ■■= m,M ) 

where denotes the minimal (Goresky-Macpherson) extension of Ai under the open imbed- 
ding j'. It is easy to see that the morphism j" : V — > c JF p p+1 is affine. Hence the functor j" 
is exact and we have 

McfMM )=j.M = M. 

As it was shown in j3], T^J r PyP+ i,Af) coincides with the Harish-Chandra module of 3^ C X. 
Also let us define 

K := juM . 

Thus K C M. 

4.1.4 Remark. Since Val~' sm (V*) <^-> X/y, it corresponds to a sub-£> x -module of Ai/N. 
Note also that supp {M./M) ^ c J r p , p +i- 

4.1.5 Lemma. No irreducible subquotient ofT(N/K,) = r(A/")/r(/C) has associated variety 
contained in the variety of complex symmetric nilpotent matrices of rank at most 1. 

Proof. Let C — > c -7>, p +i be the (algebraic) line bundle whose fiber over (E, F) £ c J-p )P +i 
is equal to A P E*. Then the sheaf D x is the sheaf of differential operators with values in 
C. Tensoring by C* establishes an equivalence of the categories T> x ^T p>p+ i) — mod and 
V^Fpp+i) — mod where V(X) denotes the sheaf of rings of usual (untwisted) differential 
operators on a variety X. Since the line bundle £ is G-equivariant, the analogous equivalence 
holds for i^-equivariant versions of these categories. This equivalence preserves singular 
supports of the corresponding modules. 

Let TZ be a T> x -module. Let TV := C*®TZ be the corresponding P-module. The associated 
variety of T{TZ, c J-' PiP+ i) (resp. r(7?.', c JF pp+1 )) is equal to the image under the moment map 
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of the singular support of 1Z (resp. 71') (see [3] where the discussion follows [IS]). Hence it 
follows that T{lZ 1 c T p ^ + i) and T(7Z' , c J- PtP +i) have the same associated variety. 

Set A4' := C* <S> -Mo- Then A4' is a if-equivariant P-module on the open orbit 
U C c J r PlP +i) corresponding to the same as Aio representation of the group of connected com- 
ponents of the group S ~ 0(p,C)xO(l,C)xO(n-p-l,C), i.e. to (A, B, C) i-> detA-detR 

Then 

Af := £* <g> A* = jX(„ 

where now all the functors are in the category of ©-modules rather than P x -modules. 

Let / : c J- p ,p+i — > c Gr p+ i be the canonical projection (E, F) \— > F. Let us denote by O 
the open i^-orbit va. c Gr p+ \. Explicitly 

Q = {F e c Gr p+1 \B\ F is non-degenerate}. 

It is clear that V = 

The stabilizer 5" C K of a point from O is isomorphic to the group 0(p + 1, C) x 0(n — 
p — 1,C). Let us denote by A the D-module on corresponding to the representation 
of the group of connected components of S' ~ 0{p + 1,C) x 0(n — p — 1,C) given by 
(M, iV) ^ det M. 

4.1.6 Claim. The K-equivariantT) -modules f*A and j^Ai' onV = f~ l (0) are isomorphic. 

Proof. It is clear from the definitions of A and A4' that the restriction of f*A to U is 
isomorphic to Ai' Q . Hence we have a morphism of .fT-equivariant ©-modules f*A — > 
which is an isomorphism over U. It is clear that f*A is an irreducible ©-module, hence its 
image is equal to j{*M' . Q.E.D. 

Let / : O •— > c Gr p+ i denote the identity imbedding morphism. Since the morphism / is 
smooth (in particular flat) by the flat base change theorem (see e.g [25], Proposition 9.3) we 
have 

W -.= C* ® N = f;(jlM' ) ~ j'UtA) = f*(l*A). (4.1.8) 

Set K! := C* ® K, = j\*M.Q. Since ju = j{l ° if* we have 

K:'~£(f*A) = r(h*A) (4.1.9) 

where the last equality also follows from the smooth base change theorem for ©-modules [?]. 

Since the morphism / is projective and smooth, one has r(p^, jP+ i, /*(•)) = T(^Gr p+ i, •). 
Then Y^T PiP+l ,N'/K') = F P)P+l J*(UA/h*A)) = T^Gr p+ ^UA/l u A). Thus to finish 
the proof of Lemma 14.1.51 it remains to show that the associated variety of any irreducible 
(g, if)-subquotient oiT^Gr p+ i, l*A/l\*A) is not contained in the variety of complex symmet- 
ric nilpotent matrices of rank at most 1. But this statement was proved in fact in Theorem 
4.3 in [3]. Q.E.D. 

To finish the proof of Proposition 14.1.11 it remains to show that the Harish-Chandra 
module of (Val~ ,sm (V))* cannot be isomorphic to the (g, if)-module T^J-, j\*M.Q). 
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Since q: c T -* c F p , p+ i is a smooth projective morphism we have 

r( c ^,g*H) = r( c ^ p+1 ,.). (4.1.10) 

Clearly q*(j\*M-o) is an irreducible P^-module with support 

supp(rO'!*Mo)) = C T. (4.1.11) 

It is clear from (14.1 .10p and from the fact that \ is dominant and regular, that q*(juM.o) is 
the Beilinson-Bernstein localization of T("J-' Pt p + i, •). Thus it suffices to prove the following 
claim. 

4.1.7 Claim. The support on c J r of the Beilinson-Bernstein localization of the Harish- 
Chandra module of (Val~' sm (V))* is not equal to c T. 

Proof. Remind that C T denotes the variety of complete flags in V* £g>R C. By taking 
the orthogonal complement we can identify C JF with the variety C JF / of complete flags in 
V ®k C. Also the group G = GL(V*) can be identified with the group G' Q = GL{V) via the 
isomorphism g i— > (g*) -1 . Let G' denote the complexification of G' . Now we will work with 
G' , G' instead of Go, G, and we will consider the Beilinson-Bernstein localization on c jF'. Let 
us denote similarly g' := Lie(G'), K' C G' is the subgroup preserving the non-degenerate 
form on V ®r C. Let us denote 

C F'k,k+i ■= {(^> F)\ECF,E e c Gr k (V ® K C), F e c Gr k+1 (V ® R C)}. 

Remind that we have the Poincare duality isomorphism (Val~ ,sm (V))* ,sm ~ Val~^™(V) <S) 
DensiV*). Thus it suffices to prove that the support in C J ZI of the Beilinson-Bernstein 
localization of Val~!H™(V) is not equal to c jF'. 

By Remark 14.1.41 applied to V instead of V* and n — p instead of p, the Harish-Chandra 
module of V aZ~i s I" '(V) is isomorphic to the (g', i^')-module of global section of certain K'- 
equivariant P^-module r on T' n _ pn _ p+1 whose support is not equal to c ^_ Pin _ p+ i- Here 
we denote by % an appropriate character of a stabilizer of a Lie algebra Q of a point from 
c ''^n-pn-p+i- Note that the lifting x of x to the Cartan algebra t' C g' is dominant and 
regular. 

Let g : c J r ' — > T' n _ p „_ p+ i denote the canonical projection. Then we have the functor 
g* : ^xC^n-pn-p+i) — fnod — >■ V^J 7 ') — mod. Since g is projective and smooth we have 

r< c r,/(.)) = r^_ Pin _ p+1 ,.). 

Hence the Beilinson-Bernstein localization of the Harish-Chandra module of Val~^(V) is 
isomorphic to g*r. Since supp r ^ c T' n _ p n _ pJrl then supp g*r ^ C JF'. Thus Claim 14.1.71 is 
proved. Q.E.D. 

Hence Proposition 14. 1 . ll is proved as well. Q.E.D. 

4.1.8 Remark. Note that in Step 4 of the proof of Proposition 14. 1 . ll we have actually proven 
the following result: for any n-dimensional vector space W and any p = 1, . . . ,n — 1 the 
Jordan-Hdlder series of the GL(W)-modu\e C°° (F P , P+1 {W), det M* PtP+l {W) <g> or{N p , p+x {W))) 
contains Val~' sm (W) with multiplicity one. This fact will be used below in the proof of 
Proposition 16.1.81 
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5 The two dimensional case. 

The goal of this section is to construct the Fourier transform on two-dimensional spaces and 
to establish its homomorphism property. Let V be a two dimensional real vector space. 

5.1 A canonical isomorphism in two dimensions. 

First we are going to construct a canonical isomorphism 

Vair sm (V)^Vai;' sm (V*) <g> det V*. (5.1.1) 

Let T(V) — > P(V) be the tautological vector bundle, i.e. the fiber of T(V) over E E F(V) 
is equal to E. Let V_ — > F(V) be the trivial bundle, i.e. V_ = F(V) x V. Then we have a 
canonical imbedding of vector bundles T(V) ■=— > V\ 
We have the canonical epimorphism 

C°°(F(V), DensTiV) <g> or{V/T{V))) -» ^aZ7/ sm (y). (5.1.2) 

Recall that the kernel of this map is two dimensional irreducible GL(V)-modu\e. Observe 
that 

DensTiV) = T(V)* <g> or(T(V)), 
or{V/T{V)) = or(V) ® or(T(V)). 

Using these identifications we get a canonical epimorphism 

C°°(P(V), det T{Vf) ® or{V) -» VaZ~' sm (V). (5.1.3) 

By taking the orthogonal complement, we have a natural identification P(V) = P(V*). Let 
E C V be a line. Then £ = (y/E 1 -)* = (det V* <g> (^)*)*. Hence 

E = E ± ®detV (5.1.4) 

Similarly 

or E = or E ± <g> orV. (5.1.5) 

Hence 

C°°(F(V),T(V)*) = C°°{F{V*), det T{V*)* ®V*) = 

C°°(F(V*),T(V*)*)®detV*. 



Hence (15.1.31) can be rewritten as 

C°°(P(K*), T{V*)*) ® DensiV) -» Val^ sm (V). (5.1.6) 
Replacing V by V* in (15.1.31) we get an epimorphism 

C°°(F(V*), T{V*)*) <g> orF* -» KaZ"' sm (\/*). (5.1.7) 
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Tensoring (15.1.71) by det V* and observing that orV = orV* we get 

C°°(F(V*), T{V*)*) © DensiV) -» Val-' sm {V*) © det V*. (5.1.8) 

Comparing (I5.1.6P and (15.1.8P we conclude that there exists a unique isomorphism of GL(V)- 
modules 

¥ v : Vali' sm (V)^Vali' sm (V*) © det U* = VaZi~' sm (l/*) © £>ens(V) © orF (5.1.9) 
which makes the following diagram commutative: 

C°°(¥(V*), T{V*)*) © Dens(V) 




Va/p^V) Va/r' sm (V r *) © det V* 

Fy 

Remind also that in the even case we have an isomorphism 

Fy : Val + ' sm (V)^Val + ' sm (V*) © Dens(V). (5.1.10) 
Combining (15.1.91) and (15.1.101) together we obtain a canonical isomorphism 

Fy: Var m {V)^{Val + ' sm {V*) © (Va/-' sm (V*) © orV)) © Dens{V). (5.1.11) 

5.2 Construction of the convolution product on Val(V*) <S> Dens(V), 

dimV = 2. 

Let us denote 

A := Val 2 (V*) ®Dens(V), 
A 2 := Dens{V), 
A+ := Valp sm (V*) © Dens(V), 
^- : = Fa/~' sm (\/*) © Deras(V) © orV, 
.A : = (VaZ + ' sm (V*) © (FaZ7' sm (F*) © orV)) © L>ens(y) = A © A 2 © ^ © A[. 

Using the isomorphism Fy we can define the product * on A by 

0*^:=Fy(F y V-F y V)- 

Then A becomes a commutative graded algebra such that the graded components are 
A , Af © Ai, A 2 . Note that 

A± *At = A± *A 2 = 0, (5.2.1) 
i + *^C^. (5.2.2) 
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Let us denote 

A + := Ao®A£® A 2 . 
Let us define now an algebra structure on B := Val sm (V*) © Dens(V). First write 

B = Ao® {Af © {Ax © or{V))) ffi A 2 . (5.2.3) 

Thus B = A + © (^4i (8) or(V)). Let us define 

*:B®B-*B 

as follows. First we have (using the equality orV © orV = C) 

B®B = (A + ® A + ) © (.4 + © Ax © orV) © {Ax ®A + ® orV) © © Ax). 

We define * to be equal to * on the first summand, to * © id or v on the second and the third 
summands, and to — * on the fourth summand (with the minus sign!). 

It is easy to see that {B, *) is a commutative associative graded algebra with unit (since 
{A,*) is). The decomposition of B into the graded components is given by (I5.2.3p . 



5.3 Explicit computation of the convolution. 

In this subsection we show that in the two dimensional case the convolution * defined in 
Section 15.21 coincides with the convolution introduced by Bernig and Fu [15] . 

Let us fix a Lebesgue measure vol on V*. It gives an isomorphism Dens{V)- 1 *C For 
A E K sm {V*) let us denote fi A (K) = vol{K + A) © vol' 1 for any K G K{V*). It is easy to 
see that fx A e Val sm (V*) © Dens(V). 

5.3.1 Proposition. Let V be a two dimensional real vector space. For the convolution 
product * on Val sm {V*) © Dens{V) defined in Section one has 

Ha*^b = ^a+b (5.3.1) 

for any A, B e !C sm (V*). 

This proposition implies that our convolution * coincides with the Bernig-Fu convolution, 
and hence there is no abuse of notation. Before we prove this proposition we will prove 
another proposition. 

5.3.2 Proposition. Let us fix a Euclidean metric on V and an orientation. Consider the 
isomorphisms V—>V*, Dens{V)- 1 ^C, orV-^C induced by these choices. With these identi- 
fications consider Fy. Val sm {V)^Val sm {V). Then for any A e K, sm (V) 

¥ V {V{; A)) = V{; J~ X A) (5.3.2) 

where J: V — > V is the rotation by | counterclockwise. 
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Proof. First let us remind that for any smooth functions hi, h 2 on the unit circle one can 
define the mixed volume V(h\, h 2 ) (see e.g. [2TJ) which is bilinear with respect to hi, h 2 . The 
idea is as follows. First if hi, h 2 are supporting functionals of convex sets Ai, A 2 respectively, 
let us define V{hi,h 2 ) to be equal to V(Ai,A 2 ). Since every smooth function on the circle 
is a difference of supporting functions of convex bodies, let us extend this expression by 
bilinearity. We get a well defined notion. Thus we may and will identify convex set A with 
its supporting function. We may assume that it is smooth on S 1 = P + (V). 

Case 1. Let us assume first that A is an even function. Then the value at I G P(V) of 
the Klain imbedding of V(», A) to C +,00 (F(V)) is equal to kA^) where k is a normalizing 
constant. By the definition of Fy on even valuations, the value at I G P(V) of the Klain 
imbedding of Fy(V(«, A)) is equal to nAil^) = k(J _1 A)(Z). Thus the proposition is proved 
in the even case. 

Case 2. Let us assume now that A is an odd function. Recall that for K G K.(V) 

V{K,A) = \ [ A(l)dSi(K,l) 
1 JieF+(v) 

where Si(K,-) is the first area measure of K (see e.g. [39], formula (5.1.18)). By the 
construction of Fy on odd valuations 

F V (V(;A))(K) = \ [ A(Jl)dSi(K,l) = \ f (J- 1 A)(l)dSi(K,l). 
1 JleV+(v) 1 JieP+(v) 

Thus the proposition is proved. Q.E.D. 

Proof of Proposition [573.11 Let us fix a Euclidean metric and an orientation on V. It 
is easy to check (see e.g. [15], Corollary 1.3) that the equality (15.3. ip for all A, B G K, sm (V*) 
is equivalent to the following two conditions: 

(a) vol is the unit element with respect to *, i.e. vol * x = x for any x; 

(b) V(m, A) * V(; B) = \V{A, B) X {*) for any A,B e K. sm (V*). 

The property (a) holds due to the corresponding property of the product * on A. Let us 
prove (b). We will prove it in a more general form when A and B are smooth functions on 
the unit circle. Since by (I5.2.ip ^4^" * Ai = 0, the proof splits into two cases: 

(a) both A and B are even; 

(b) both A and B are odd. 

Though the even case was considered in [15] (for all dimensions), we will prove it here in 
two dimensions for the sake of completeness. Thus let us first consider the case (a). Since 
A, B are even, we have 

V(; A) * V(; B) = F v (F V \V(; A)) ■ F V \V(; B))) = 
F v (V(; J A) ■ V{; JB)) Exam Pi e ^Of y (^-V{JA, -JB) • vol{.)\ = 

1 -V{A,-B). x {.)= l -V{A,B). X {.). 

Now let us consider the case (b), i.e. A, B are odd. Then V(»,A), V(*,B) G Ai ® orV . 
Hence we have by the definition of * 

V(; A) * V(; B) = -Fy {F V \V{; A)) ■ F V \V{; B))) . 
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Similarly to the previous case the last expression is equal to 

-hs{A-B)x{*) = \v{A,B) X {*). 
Proposition is proved. Q.E.D. 

5.4 Isomorphisms of algebras Val sm (V) and Val sm (V*) <g> Dens(V). 
We are going to prove the following result. 

5.4.1 Theorem. Let V be a two dimensional real vector space. There exists an isomorphism 
of topological vector spaces 

Fy. Val sm (V)^Val sm (y*) ® DensiV) 

which satisfies the following properties: 

(1) Fy commutes with the natural GL(V)-action; 

(2) Fy is an isomorphism of algebras, i.e. Fy((f) ■ ip) = Fy((p) * Fy(ip) for any e 
Val sm (V); 

(3) This isomorphism takes real valued valuations to real valued. 

Proof. The isomorphism on even valuations F v : Val + ' sm (V)^Val + ' sm (V*) <g> DensiV) 
was defined by the author in [3]. Its homomorphism property was proved by Bernig and 
Fu in [15]. We will extend this map to odd valuations. The construction will depend on a 
choice of orientation of V . Thus let us fix an orientation of V. 

Consider the action of the subgroup SL(V) C GL(V) on Vali' sm (V*) © Dens(V). Then 

Val^ sm {V*) © DensiV) = W x © W 2 

where Wi, W2 C Vali' sm (V*) ® Dens(V) are closed 5L(V)-invariant S'L(l / )-irreducible infi- 
nite dimensional subspaces. Wi and W2 are not isomorphic to each other as SL(V) -modules. 
Moreover one can choose a Cartan subalgebra and a root system of the Lie algebra of sl(V) 
(compatible in an appropriate way with the orientation of V) so that W\ is a highest weight 
module, and W2 is a lowest weight module. The property of being either highest or lowest 
module depends only on the orientation of V, and not on a Cartan subalgebra and a positive 
root system. 

5.4.2 Lemma. The map 

L := Id Wl © (-Id W2 ) : Val-' sm (V*) © Dens{V) — > Val^iV*) © Dens(V) © or(V) 
is an isomorphism of GL(V) -modules. 

Here is a warning: the notation of the lemma is a bit misleading. The target space seems 
to be different form the source space since it is twisted by or(V). The meaning is that we 
just consider the target space to be equal to the source space as a vector space, but the 
action of GL(V) on the target is different: is it twisted by the sign of the determinant of a 
matrix. 
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Let us postpone the proof of this lemma and finish the proof of the theorem. Let us 
define Fy : Val;> sm (V) -> Val^ sm {V*) <g> Dens(V) by 

Fy := L" 1 o f v on ^a/^' sm (V r ) 

where Fy was defined in (15.1. lip . 

In order to prove that Fy is an isomorphism of algebras it remains to show that for any 
(j>, ip G Vali' sm (V) one has 

F y (0-^) = W v (<j>) *W v (ip). 
In the notation of Section 15.21 one has 

Fy(</>-^) = Fy0*Fy^ 
Fy(0)*Fy(</>) = ~Fy(0)*Fy(^) = -L-^Fy^^L-^FyV)- 

Thus we have to show that for any «,t)G VaZ 1 ' ,sm (V*) ® -Dens(V) one has 

u*v = -L _1 (w)*L -1 (u). (5.4.1) 

It is clear that if w G G W% then (15.4. lj) holds. For u,v G Wj, i = 1,2, the equality 

(15.4.11) is equivalent to u * v = 0. Let us prove it for i — 1; the case i = 2 is considered 
similarly. Let us observe that * induces the SL(V)-equivariant map W\ — > W* ® DensiV). 
Since W\ is a highest weight irreducible infinite dimensional SL(V)-module, W* <S> DensiV) 
is a lowest weight irreducible infinite dimensional SX(V)-module. Hence they cannot be 
isomorphic. This proves that Fy is a homomorphism of algebras. 

It it clear from the construction of Fy that Fy maps real valued valuations to real valued. 
Hence theorem is proved modulo Lemma [5.4.21 Q.E.D. 

Proof of Lemma 15.4.21 It follows from general representation theory of the group 
GL 2 (M) (see e.g. [26J, Ch. I, Theorem 5.11(VI)) that the irreducible representations 
Val-' sm (V*)(g)Dens(V) and Val~ ' sm (V*) <g> Dens{V) ®or(V) of the group GL{V) ~ GL 2 (R) 
are isomorphic. Let us fix such an isomorphism L'. Since W\,W2 are irreducible non- 
isomorphic SL(V)-modules, L' must have the form 

L' = aId Wl © (3Id W2 

where a, (3 G C*. Dividing by a we may assume that a — 1. The composition 

(L/ ® Id oriy) ) o L': Val~> sm (V) <g> Dens(^) -> Va/~ ' sm (l0 ® Dens(y) 

is an automorphism of GL(^)-module, hence it must have the form •y(Idw 1 ®Idw 2 ). On the 
other hand this composition is equal to Idw 1 ® (3 2 Idw 2 - Hence f3 2 = 1, i.e. (3 — ±1. Since 
the identity map Idw 1 ®w 2 is n °t a morphism of GL(l/)-modules Val±' sm (V*) <8> Dens(V) 
and VaZ^' sm (V*) ® Dens(l/) <8> or(V), it implies that (3 = —1. Lemma is proved. Q.E.D. 

5.5 Plancherel type formula in two dimensions. 

Let us consider the map 

Fy* <g> Id Dens{v) : Val sm {V*) <g> L>ens(V)^>Far m (V). 

Let us denote by S V - Val sm (V) — > V r ai sm (F) the operator given by (£ V 4>){K) = (j)(—K) for 
any G ^aP m (F), K G 



48 



5.5.1 Proposition. Let V be a two dimensional vector space. Then 

(¥ V * <g> Id Dens iy)) O ¥ V = Ey . 

Proof. Obviously, on 0- and 2-homogeneous valuations both operators are obviously 
equal to identity. For 1-homogeneous valuations the result follows from Proposition 15.3.21 
Q.E.D. 

6 Fourier transform on valuations in higher dimen- 
sions. 

The goal of this section is to construct the Fourier transform in higher dimensions and to 
prove its main properties. 

6.1 Construction of the Fourier transform. 

Let < k < n. Let us consider the (infinite dimensional) vector bundle 

T k ° v -> Gr n _ k (V) 

whose fiber over F G Gr n „ k (V) is equal to Val sm (V/F). Similarly let T k v . . — > Gr n - k (V), T k 0, y. 
— ► Gr n _ k {V) be the vector bundles whose fiber over F G Gr n _ k (V) is equal to Valf m (V/ F) 
or V alf' sm (y / F) respectively. Let 

r k,V ■= 1k,V ® \ u Gr n _ k (V)\, (6.1.1) 
?k,V;i ■= Tk, V -i ® |^Gr n _ fc (V)|, (6.1.2) 
T k%i : = T k,V;i ® \^Gr n _ k {V)\- (6.1.3) 

Also for a subspace F C V let us denote by pp the canonical map 

p F : V -> V/F. 

Consider the natural map 

E k y. C°°(Gr n -k(V), %,v-i) — VairiV) 

defined by £ i— > f FeGr fc (y)PF(£(-^))- Note that the map H^y is GL(V)-equivariant, hence 
its image is indeed contained in Val^ m (V). 

6.1.1 Lemma. Let fa: Vj — > Wj, i = 1,2 be two linear maps such that / 2 is injective. Then 
for any fa G Val(Wx), fa G VaP^W^ i/ie pushforward / 2 *(0 2 ) G ^aZ sm (y 2 ) and 

(/i B / 2 )*(0i B 2 ) = ftfa B flfa. (6.1.4) 

6.1.2 Remark. In the statement of the proposition we use the construction of the product 
of a continuous valuation and a smooth one from the appendix. 
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Proof of Lemma EXU It is clear that / 2 *(0 2 ) G Val sm (V 2 ). Next both sides of (167Q1) 
are continuous with respect to 0i G Val(Wi), 2 G VaZ sm (W^)- Hence by the McMullen's 
conjecture we may assume that 

(/>;(•) = vok(» +Ai), i = 1,2, 

where voli is a Lebesgue measure on W{, Aj G JC sm (Wi). Then one has 

(0i m fa){K) = (voh B vol 2 )(K + (At x A 2 )), (6.1.5) 
(fi B / 2 )*(0! Kl 2 )(#) = (^ Kl uo / 2 ) ((/i B / 2 )(tf) + (Ax x A 2 )) . (6.1.6) 

On the other hand 

(f;<f> i )(K)=vol i {f i (K)+A i ),i = 1,2. 

Note that (ft El / 2 )* = (^ El Id)* o (Id B / 2 )*. Let us compute first (Id B / 2 )*(0i H 2 ). 
First we will identify V 2 with its image in W 2 . Let us fix Lebesgue measures volw 2 on W^ 2 
and volw 2 /v 2 on Hk 2 /V2 sucn that vo h = foZy 2 <8> fo/^/v^- We have 

(/ 2 *0a)(«) = / ™l Va (* + (A 2 n z))^ W 2 /v 2 (^)- (6.1.7) 
</2ew/ 2 /v 2 

Next for any If G /C(Vi x V 2 ) we have 

(idxf 2 y( ( j )1 m ( j )2 )(K)= (6.1.8) 

(voZi H vol 2 ) {{K + (At x A 2 )) n (Vi x 2 )) dvol W2/V2 (z) = (6.1.9) 
(voZi M vol 2 ) (K + A], x (A 2 n 2)) c^oZ^/y^). (6.1.10) 



'zew 2 /v 2 

Now observe that the map W 2 /V 2 — > Val(W 2 ) defined by 

z ^ voly 2 (» + (A 2 n z)) =: <p(z) (•) 

is a bounded map which is continuous almost everywhere (more precisely, this map is con- 
tinuous in the interior of the image of A 2 in W 2 /V 2 ). The expression (16.1.101) is equal to 

(0i M (j)(z))(K)dvol W2 / V2 (z), (6.1.11) 

zeWa/Va 

and by the mentioned above continuity we may rewrite the expression ( 16.1. lip as 

<j)(z)dvol W2 / V2 (z) J (K). 



> 



By (I6.1.7P f zeW2 /v 2 ( P( z )dvolw2/v 2 ( z ) = f 2 4>2- Thus we have proven that (Id x f 2 

.=0X^/2*02. 
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Now we may assume that f 2 = Id, and it remains to show that 

(fi x Id)* (fa E 2 ) = f*fa E 02- 

Let us decompose f\ — g o h where h is surjection and g is injection. Then (f\ E icf)* = 
(h E Id)* o (g E /<i)*. Since we have assumed that both 0i and 02 can be chosen smooth, by 
the above proven case of injections one has (g E Id)* ((pi E 02) = <7*0i £3 02. 

Thus it remains to show that for any surjection h: V\ -» Wi, and any Aj G /C sm (Wi), 
0i(«) = voli(» + Ai), i = 1, 2, one has 

(/i IE /d)*(0i B 2 ) = /i*01 H 02- 

Let M := Ker(h), m := dimM. We identify Wi with Vi/M. Let us fix a Lebesgue 
measure t> olu on M. Let t> oly x := voIm®voI\. Let us fix Ax e /C sm (Vi) such that h(Ai) = A\. 
Let us fix S G K.(M) with voIm(S) = 1. Then by Lemma [2.6. II 

1 

= voh{h{.) + A^ = - — ^volv^m+At + eS). 
Hence for K £ K,(V\ x W 2 ) we have 

(h*fa ® fa)(K) = ^^loMvx B vofe) + ((ii + eS) x A 2 )) . (6.1.12) 
Again by Lemma 12.6.11 the right hand side of (16. 1. 12j) is equal to 

(voh M vol 2 ) ((A B Jd)(if) + (Ai x A 2 )) = (h M Id)* (fa M fa)(K). 
Hence (h IE Id)*(fa IE 2 ) = /i*0i E 2 . Hence lemma is proved. Q.E.D. 

6.1.3 Proposition. Let < k,l < n. Let 

= S fc> y(0> ^ = 2/ jH /(?7) 

twtfi £ e C~(Gr n _ fc (V'),T fc> y), 77 e C°°(Gr n _,(V), V)- 
T/ien 

0E^ = / / (p F IE 77 (J5)) (6.1.13) 

where p F Mp E : V x W V/F x W/J5. 

6.1.4 Remark. In ( 16. 1. 13j) £(F) B 77(E) is considered as an element of Val(V/F x V/E) ® 



\U G r n _ k {V)\\ F ® |^Gr n _ ; (V)l 



E' 



Proof of Proposition 16.1.31 We have 

Lemma 16.1.11 



0B^ = / p* F (^(F))M^ 

JF&Gr n _ k (V) 

[ ( PF e n w y b v») Lemm ^™ 

JFeGr n _ k (V) 



[ (p F B Id w )* [ (Id F B (£(F) E 77(E)) = 

(p F ®p E )*(£(F)® V (E)) 



'FeGr n _ k (V) JEeGr n _i(W) 

Proposition 16.1.31 is proved. Q.E.D. 
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6.1.5 Proposition. For any < k < n 

Z k ,v {C™(Gr n - k (V),T k %)) = Val + k sm {V\ 

5 fe+ i,v (C f00 (Gr w - Jfc _ 1 (lO,^i t v; fc )) = Var k sm (V). 

Proof. The map E^y is GL(V)-equivariant non-zero map. Hence the result follows from 
the Irreducibility theorem and the Casselman-Wallach theorem. Q.E.D. 
Let us remind the construction of an isomorphism 

¥ v : Valp sm {V)^Val+^{V*)®Dens{V) 

on even valuations from [4 J (where it was denoted by D) . First let us do it for k = n. Then 

Val+(V) = ValniV) = Dens(V). 

On the other hand 

Val£' sm (V*) ® DensiV) = Val (V*) ® Dens(V) = C ® Dens(K) = Dens(V). 

Take 

to be the identity isomorphism. 

Let us consider the case k < n. Let F 6 Gr n _fc(V). We have 

F y/F : Val s k m (V/F)^Val s m (F ± ) <g> J Dens(F ± *). (6.1.14) 

Let p^.: F 1 - <^-> V* be the map dual to the projection pp\ V — > V/F. Let us consider the 
map 



given by 



S+: C™(Gr n _ k (V),T+) -> ^<i7(0 ® £>ena(V0 (6.1.15) 



5 fc + (o = / P^OFv/^ce^))). 



6.1.6 Theorem ([!]). There exists a unique map 

¥ v : Val+' sm (V) — ^aCiT(V*) ® £>en S (V) 
which makes the following diagram commutative 

C~(Gr n _ k (V), T+ ) =^ Valp sm (V) 





T/iis map Fy zs a GL(V)-equivariant isomorphism of topological vector spaces. 
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Let us construct Wy on odd k- homogeneous valuations. Thus let 1 < k < n — 1. 
First let us consider the case k = 1. We have 



Consider the map 



~ 2 y. c°°{Gr n „ 2 {v),T 2 ~vi) -» ^r sm (n 



S 2 -: C°°(Gr„_ 2 (y),T 2y;1 ) — Vo^TW 



given by 

s 2 (o = I vi^v/ F {m)) 

JFeGr n -2(V) 

where Fy/p\ Val l ,sm (V/ F)^Val±' sm (F ± ) <g> Dens{F~ L *) is the Fourier transform defined in 
the two dimensional case by Theorem 15.4.11 

6.1.7 Proposition. There exists a unique map 

Fy. Val-' sm (V) -> Val~^(V*) <g> Dens(V) 
making the following diagram commutative 

S 2 ,y 




V'aZ^l7*(V P *)®Dena(V r ) 
This map Fy is a GL(V)-equivariant isomorphism of topological vector spaces. 
Before we prove this proposition let us prove the following result. 



6.1.8 Proposition. Let 1 < k < n-1. The GL(V)-module C 00 (Gr n - k ,T k ~ +ltV;k 



is admissi- 
ble of finite length, and the Jordan-Holder series of it contains Val^' sm (V) with multiplicity 
one. 



Proof. Let us fix an isomorphism V 
of matrices 



l n . Let Qo be the subgroup of GL n {R) consisting 



Qc 



A 


* 


* 







B 


* 


\A e GL n _ k _i(R), B e GL k (R), ceR* 








c 





Qo is a parabolic subgroup of GL n (M.). Let us denote by V the complex line bundle 
over J-'n-k-i ,n-i(M n ) — GL n {R)/Q whose fiber over (F,E) G J r n -k-i,n-i{V) is equal to 
Dens(E/F) <g> or(V/E). V is GL n (IR)-equivariant in a natural way. 

Let p: J r n -k-i,n-i(M n ) — ► Cr n _fc_i(IR n ) be the natural map, i.e. p(F,E) = F. For any 



F e Gr n . 



•fc-il 



l ) the space Val 



-.sm/Trpn 



I F) is canonically a quotient of C°°(p 1 (F),V). 
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Hence the GL n (M) -module C 00 {Gr n ^ 1 {V),T k 



k+l,V;kJ 



is a quotient of the GP n (IHf) -module 



C™(GL n (R)/Q ,V ®p*(\u Grn _ k{v) \)). 

Let now Pq C GL n (R) be the parabolic subgroup of matrices 



U g GX n _jfc_i(R), 5 G GL fe (R), c G 



) is a subquotient of Ind^ nm £ where £ : Pq — ► C is the character 



' p 


* 


* 





c 


* 








A _ 



Recall that ^a^' sm ' TOn 



given by 



p 


* 


* 





c 


* 








A 



sgnlc) 



detP 



Moreover the Jordan-Holder series of Indfj^ £ contains VaZ 



-i 



with multiplicity one 



by RemarkSXHJ The GL(V)-modules C°°(GL n (R)/Q ,V ®p*(\uj Grn _ k(y) \)) and Indp^'t 
have the same Jordan- Holder series by Corollary 11.3.61 Hence Proposition 16.1.81 is proved. 
Q.E.D. 

Proof of Prop osit ion 16 . 1 . 71 It is clear that the map 



S 2 '■ G 00 (Gr ri _2, %y-i, 



Val~^{V*) g> Dens{V) 



is non-vanishing and GP(^)-equivariant. By Proposition ^. 1. li the GL(V A )-modules Val± ,sm (V) 
and Val~^™(V*) (g> Dens(V) are isomorphic. Hence by Proposition 16.1.81 all the irreducible 
subquotients of C oc ( y Gr n _2,T 2 ~ v . 1 ) which are non-isomorphic to Val^' sm (V), are contained in 
Ker^S^)- Hence Fy does exist indeed. Moreover Fy is continuous by the open mapping the- 
orem for Frechet spaces (see e.g. [37], Ch. Ill, §2). The rest of the statements of the theorem 
follow from the Irreducibility theorem and the Casselman-Wallach theorem. Q.E.D. 

Now let us consider the case k — n — 1 . By Proposition 16.1.71 we have the isomorphism 



Define 
by 



F v * : Val^ sm (V*)^Val~LT(V) <g> Dens(V*). 
Fy. Val~^(V) -> Val^' sm (V*) ® Dens(V) 



E v * o (Wzl <g> Id 



Dens(V)j 



(6.1.16) 



where (E v *<fi)(K) = (j){—K) (thus£V* is just multiplication by -1 on Val ' sm (V*)®Dens(V)). 

6.1.9 Remark. For n = 2, k = 1 both definitions of Fy. Val~' sm (V)^Val^ sm (V*) <g> 
DensiV) coincide with the construction discussed in Section [5741 due to Proposition 15.5. 11 

Now let us consider the general case 1 < k < n — 1. We have the epimorphism 
~ k+1 y. C™(Gr M (V),T- k ) - Val-> sm (V). 
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Consider the map 



S k+1 : C^GV^tn W;*) - Val-LT(V*) ® DensiV) 

defined by S k+1 (£) = f FeGr k ,y\ Pf*(^v/f(£,)) where ¥ v /f in the right hand side is defined 
by (I6.1.16p . 

6.1.10 Theorem. Let 1 < k < n — 1. There exists a unique map Fy: Val k ' sm {V) — ► 
Val~^™(V*) £g> DensiV) making the following diagram commutative 

C'-(Gr^_ 1 (y),r fc - 1) ^-±i'VaZ fc -'^(F) 

s 




Val~L s Z(V*) ® Dens(V) 
Thus map Fy is a GL(V)-equivariant isomorphism of linear topological spaces. 

6.1.11 Remark. It is clear that the construction of Fy given in Theorem 16. 1. 101 coincides 
with the previous constructions for k — l,n — 1. 

Proof of Theorem 16.1.101 It is clear that the map 

S k+1 : C°°(Gr M ,T k - +hV!k ) -> Val k > sm (V*) ® Dens{V) 

is non-vanishing and GL(V)-equivariant. By Proposition ^. 1 . li the GL(V)-modules Val k ,sm {V) 
and Val~^™(V*) ® DensiV) are isomorphic. Hence by Proposition 16.1.81 all the irreducible 
subquotients of C°°(Gr n -p.-i, Tk+x v-k) which are non-isomorphic to Val k ,sm {V), are con- 
tained in Ker(S k+1 ). Hence Fy does exist indeed. Moreover Fy is continuous by the open 
mapping theorem for Frechet spaces (see e.g. [37], Ch. Ill, §2). The rest of the theorem 
follow from the Irreducibility theorem and the Casselman-Wallach theorem. Q.E.D. 



6.2 Relations of the Fourier transform to the pullback and push- 
forward. 

6.2.1 Theorem. Let i: L •—>■ V be an injection of linear spaces. Let <p G Val sm (V). Then 
i*(f) G Val sm (L), and 

F L (z» = C(F y 0). (6.2.1) 

Proof. It is clear that i*<p G Val sm (L). Let us prove the equality (I6.2.ip . Obviously this 
equality is true if i is an isomorphism. 

Case 1. Assume that <fi G Val k ' sm (V). If dimL < k then both sides of (16.2. ip vanish. 

Case la. Let us assume in addition that dimL = k. By Proposition 16. 1.51 there exists 
f G C°°{Gr n - k {V),T+ v . k ) such that 



(0- 
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More explicitly 

JF£Gr n _ k (V) 

Then 

f (pjpoi)*(£(F)) = [ (p F oi)*(£(F)). 

JFeGr n - k (V) JF£Gr n _ k (V),FnL={0} 

Now observe that for any F G Gr n ^k(V) such that F fl L = {0} the map pp o i: L — > V/F 
is an isomorphism. Hence 



M?<P) = / F i ((p F oi)*(e(F))) 

'FeGr n _ fc (y),FnL={0} 



rCop^cFv/xecF))) 



FeGr n _ A (y),-FnL={0} 

^(F y/F (e(F))) 

FeGr„_ fc (V),FnL={0} 



\JFeGr n - k (V) J 

where the last equality holds by the definition of Fy. Case la is proved. 

Case lb. Let us assume that dimL > k. Let E C L be an arbitrary fc-dimensional 
subspace of L, and let j : E <— > L denote the imbedding map. Using Case la we have 

F^Cf (*'*</>)) = M(tiY4>) = (ti)*(Fv<t>) = J. v (£0W))- 
On the other hand using again Case la, we have 

F B (r(i»)=j; v (Fx(i»). 

Thus we get 

J ; v (C(Fy0))= J ; v (F i (z»). 

Thus Theorem 16.2.11 in the even case follows from the following lemma. 

6.2.2 Lemma. Let L be an I- dimensional vector space. Let < k < I. Let <fi e Valj~_ k (L) <g> 
Dens(L*). Assume that for any surjection p: L -» K of rank k 

p*4> = o. 

Then ip = 0. 

Proof. Let V be the subspace of Valf_ k (L) consisting of ip such that p*ip = for 
any surjection p of rank k. It is easy to see that V is GL(V)-invariant closed subspace, 
V 7^ Vali_ k (L). Hence by the Irreducibility theorem V = 0. Q.E.D. 

Theorem 16.2.11 is proved in the even case. 
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Case 2. Assume that G Val^' sm (V). The proof of this case will be similar to the proof 
of Case 1. First observe that if dimL < k then both sides of (16.2. ip vanish. 

Case 2a. Let us assume in addition that dimL = k + 1. By Proposition 16. 1 . 51 there exists 
T) G C°°(Gr n _ fc _i(V),7;- liV . fc ) such that 

(p = E k+ly (r]). 

More explicitly 

= / pUv(f)). 

J FeGr„_ k _ 1{v) 

Analogously to Case la we have 

(p F oi)*(ri(F)). 

FeGr n ^ k ^(V),FnL={0} 

For any F G Gr n _k_i(V) such that FC\L = {0} the map p F oi: L — ► V/F is an isomorphism. 
Hence 

F x (z*0)= / ¥ L ((p F oty( v (F))) = 

JFeGr n _ fc _ 1 (y),FnL={0} 

(p F oz)V (F v/F (rj(F))) = 

FeGr„_ fc _ 1 (V),FnL={0} 

i V J [ P V f^v/f(v(F))) =C(Fy0) 

\J FeGr^k^iV) J 

where the last equality holds by the definition of Fy- 

Case 2b. Let us assume now that dimL > k + 1. Let i? C I be an arbitrary subspace of 
dimension k + 1, and let j : ■=— > L be the imbedding map. By Case 2a we have 

F B (j*(iV))=F B ((zj)» = 
(zj)r(Fy0)=j; V (C(Fy0)). 

Using again Case 2a we have 

¥ E (f(f<p)) = j:(¥ L (e<p)). 

Thus we obtain 

jr(C(F^))=jr(F L ^0)). 

Then the proof of Case 2 follows immediately from the following lemma. 

6.2.3 Lemma. Let L be an I -dimensional vector space. Let 1 < k < I — 1. Le£ ^ 
ValY_ k (L) ® Dens(L*). Assume that for any surjection p: L -» N of rank k + 1 

p*?/> = 0. 

Then ip = 0. 
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Proof. The proof is completely analogous to the proof of Lemma 16.2.21 and will be 
omitted. Q.E.D. 

Thus Theorem [B.2. II is proved. Q.E.D. 

6.2.4 Theorem. Let £ G C°°(Gr n -k{V), T k y). Then 

¥ v (E ky (0) = ! Pf^v,f{^F)))- (6.2.2) 

JFEGr n - k (V) 

Proof. We may and will assume that £ G C co (Gr n _ k (V),T k ± v . i ). 

Case 1. Let us assume that £ G C°°(Gr n _ k (V), T£ Vi ). If k < i then both sides of (16.2.21) 
vanish. If k = i then (I6.2.2p is just the definition of Fy. Thus let us assume that k > i. Let 
us denote by jF„„ fcjn _j(V) the manifold of partial flags 

F n -k, n -i(V) := {{F,E)\Fc E,dimF = n- k,dimE = n-i}. 

Let 

Vn-k - F n -k,n~i{V) — > Gr n _fc(V), 

p n -i: T n - k ,n-i(y) Gr n -i(V) 

be the natural projections defined by p n -k((F,E)) = F, p n _i((F,E)) = E. Recall that we 
denote by T^y^ the vector bundle over GV n _ fc (V) whose fiber over F G Gr n _k(V) is equal 
to Val+' sm (V/F), and by 

J k,V;i '■- J ky,i ® \UGr n _ h {V)\- 

Note that the fiber of T^y.^iV) over L G Gr n _j(V) is equal to Dens(V / L). Let us denote 

J i,V;i -~ Pn-i\ I i,V;i)i 
J i,V;i '■= J i,V;i ® l W ^„-k,„-i(V)|- 

We have the canonical map 

*+ : ^(^^(V),^) - C°°(Gr n _ fe (V),T^) (6.2.3) 

given by 

(^(0)(^)= / Qi, F m^ F )) 

JLeGr n -i(V),LDF 

where qi,F'- V/F — > V/L is the canonical map. It is clear that ^/ ki is GL(V)-equivariant 
continuous map. 

6.2.5 Claim. is onto. 

Proof. This claim easily follows from Propositions 16. 1.51 and II .2.61 Q.E.D. 
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We have 



^k,v^W)= [ Pf([ q* LtF (C(L,F))\ 

[ ( f Pl«(L,F)))= [ pl(f 



lFeGr n _ k (V) V LeGr n -i(V),LDF / J LaGr n _i(V) \J FeGr n _ k (L) 

LEGr n ^(V) 

where r](L) := f FeGr ^((L, F), thus r\ G C°°(Gr n -i(V),T i y. i ). Hence by the definition 
of Fy one has 



¥ v (5 fciV (¥+ 0) = / pU^v/ML)))- 

JL£Gr n -i(V) 



'L€Gr n -i(V) 

But by the continuity of the Fourier transform ¥ v /l(v(L)) = f FeGr .r L ^ ^v/l(C(F, F)). Also 

Pl = Ql,f°Pf, 

V V V 

Pl=Pf° Ql,f- 

Hence 

W v (E k , v (* kji (())) = j fc(F, /L (((L)))) . (6.2.4) 

By the definition of Fy/F we have 

/ Ql,f* (?v/l{C(L, F))) = ¥ V/F ( [ qlA((L, F))) = 

JLeGr n -i(V),LDF \J LeGr n _i(V), LdF J 

Vv/f(*U0(F)). 

Substituting this into (I6.2.4p we get 

Fy (3 fclV (*2>(C))) = / Pf* {Vv/f(Kv(0(F))) ■ 

JFeGr n - k (V) 

Since is onto (by Claim l6T2~5l) . Case 1 is proved. 

Case 2. Now we assume that £ G C°°(Gr n _ k (y), T k ~ v ,^). 

If k < i + 1 then both sides of (16.2.21) vanish. If k — i + 1 then the result is just the 
definition of Fy. Let us assume that k > i + 1. The proof will be analogous to Case 1. 
Similarly to Case 1 we denote by J r n -k ) n-i~i{V) the manifold of partial flags 

F n -k,n-i-i(V) := {(F, E) \ F C E C V,dimF = n - k, dimE = n -i - 1}. 

We denote 

Pn-k- (V) — Gr n _ k (V), 

Pn-i-l- F n ~ k ,n-i-l(V) — ► Gr n -i-l(V) 
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the natural projections. Define 

-0,- . * //t-O 



2 i+l,V;i -~ Pn-i-lK 1 i+l,V ;i) 1 
%+l,V;i ]= Ti+l,V;i ® l^n-fc.n-i-lOOl- 

We have the canonical map 

m kl : ^{^^{V)^-^) - C°°(Gr n ^T k - V;t ) (6.2.5) 
given, for any F G Gr n -k(V), by 



J L£Gr n _ l _ 1 (V),LDF 

where as previously (Jl,f '■ V/F — > V/L is the canonical map. It is clear that is a 
GL(V)-equivariant continuous map. 

6.2.6 Claim. ^/ ki is onto. 

Proof easily follows from Proposition 16 . 1 . 51 Q.E.D. 
The rest of the proof is parallel to Case 1. We have 

3^(^(0) = / P* F ( [ qIAC^ F ))) = 

[ [ Pl(C(L,F))= f pl(f ((L,F) 

JFeGr n - k (V) J LeGr n -i-i(V),LDF J LeGr n -i-i(V) \J FeGr n _ k (L) 

[ Pt(v(L)). 

J L<cGr n -i-i(y) 

where r)(L) := J FeGrn _ k{L) C(L, F), thus r) G C°°(Gr n -i-i(V), ^ 1>V .J. Hence by the defini- 
tion of Fy we have 



F y (5^(^,(0)) = / pi (Xv/ML))) . 

J L<=Gr n -i-i(V) 

But by the continuity of the Fourier transform one has Fv/l(t)(L)) = J FeGr j L \ Fy/i,(C(A F)). 
Hence 



¥ v (E kjV (% ti (C))) = I Pf* (q1M ¥ v/l(C(L, F)))) . (6.2.6) 

J ■? r n-k,n-i-l(V) 

By the definition of ¥y/F we have 

/ Q V l,f* (Fv/l(CW)) = V V /F ( [ tifiCiL, F))) = 

JLeGr n ^ i ^ 1 (V),LDF \J L<=Gr n -i-i(V),LZ)F J 

®V/F (% A (()(F)). 

Substituting this into ( 16. 2. 6ft we get 

¥ v (S*, v (*m(0)) = / Pf* {Fy/F^iCKF))) ■ 

JFeGr n _ h ( V) 



Since \I/ fc i is onto (by Claim [6T2T6T) . Case 2 is proved. Thus Theorem 16.2.41 is proved. Q.E.D. 
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6.3 A Plancherel type formula in higher dimensions 



The main result of this section is Theorem 16.3.91 below. 
Let us introduce more notation. Let 

S k ]v;i ^ Gr k (V) (6.3.1) 

denote the vector bundle whose fiber over E G Gr k (V) is equal to Valf' sm (E) ® Dens(E*). 
Let 

S k,V;i : = S k,V;i ® l w Gr fc (V)|- (6-3.2) 

Similarly let 

S° k ,v — Cr,(V) (6.3.3) 

denote the vector bundle whose fiber over G (rrfc(V) is equal to Val sm (E) ® Dens{E*). 
Let 

<S fe) y := 5° y <g> |wGr fc (v)|- (6.3.4) 
For a vector space W we can consider the map 

¥ w <g> Id^^ : Var m (W/) <g> Dens(W/*) -> 
(VaZ sm (W*) ® Dens(WO) ® DensiW*) = Val sm (W*). 

6.3.1 Lemma. Let V be an n- dimensional vector space. Let r] G C°° (Gr 2 (V) , S^v-i) ■ Then 
(F v ® /d Denfl(v .)) ( / i E ME)))=f (i V EY^E®Id Dens{E * ) )(v{E)) (6.3.5) 

V./£eGr 2 (V) / </Gr 2 (V) 

where %e'- E ^ V denotes the imbedding map. 

Proof. First note that %E*{r]{E)) G Val~_ 1 (V)®Dens(V*). Recall that by the definition 
of the Fourier transform ¥ v : Val~^{V) -> Va^' sm (V*) ® Dens(y) 

Fy = £y O (Fyi <g> Id Densl y))- 

Hence the equality (16.3.51) is equivalent to 

/ ieME)) = (£v o Fy*) f / (&(Fe ® Id Dens{E *))(v(E)) J . (6.3.6) 

JEeGr 2 (V) \JE€Gr 2 (V) J 

The right hand side of (I6.3.6P is equal to 

Fy* ( / (i^)* o (F_g (g I<W s(E *))) 

But by the Plancherel formula in dimension two (Proposition 15. 5. 1|) we know that 

E E ° (F B (8> Id Dens ( E *)) = F^i. 

Hence (16.3.61) is equivalent to 

JE&Gr 2 (V) \JEeGr 2 (V) J 

The last equality is a special case of Theorem 16.2.41 Q.E.D. . 
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6.3.2 Lemma. The composition map 

Vair sm (V) ^ Val'fr(V*) ® Dens(V) ¥v *^"^ V al^' sm (V) 
is multiplication by -1. 

Proof. Let <p G Val±' sm (V). By Proposition EH there exists f G C^OaOO, ^y.J 
such that (f> = E2,y(0- Then by the definition of Fy 

Fy(0)= / P>*(*V(£(^))) = / iE^v/E^iE 1 )). 

JF£Gr n - 2 (V) JEeGr 2 (V*) 

Then applying Lemma [6.3.11 we get 

(F v . ® I^en S (v))(Fy(0)) = / ((F B (gi Id Densm ) o F v/S x) (e(^)) (6.3.7) 

JEeGru(V*} 

But (F B (g) IdDens(E*)) ° F^/^i = (F B ® Idoens^E*)) ° F^* = by the two-dimensional case 
(Proposition 15.5.1"]) . Substituting this into (16.3. 7|) we get 

(F y * ® /rf Dens(y) )(Fy(0)) = - / (^)*(e(^)) = - / Pf(C{F)) = -0- 

^S£Gr 2 (V*) JFeGr n _ 2 (V) 

Lemma is proved. Q.E.D. 

6.3.3 Lemma. The composition map 

Val + ' sm {V) ^ Val + ' sm (V*) ® £>ens(V) F ^^^ \/a/ + ' sm (V) 
zs egna/ to £/ie identity. 

Proof. Let < k < n. Let CkiV) — > Grk(V) denote the line bundle whose fiber over 
F G GrkiV) is equal to Dens(F). We have the Klain imbeddings 

r: Valt' sm (V) - C°°(Gr fe (V), £ fc (V)), 
t-': Va/+i7 ® Dens(F) C7 00 (Gr n _ fc (V*),£ n _ Jfc (y*)) ® Dens(V). 

Taking the orthogonal complement we have the identification 

Gr k {V) ~ Gr n _ k (V*). 

Also for any F G GV/^V") we have 

Dens(F) = Dens(F L ) ® Dens(V). 
Thus we have a GL(V)-equivariant isomorphism 

7 : C~(G?r fc (V),A(V))^C'~(G?r n _ fc (0^n-fc(V))®^ens(y). 
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Let e 1/a/+' sm (V). By [I] 

r'(F v 0)= 7 (r0). 
It is easy to see that for any ip G V r a/ n ^ R (V'*) (8> Z?ens(V) one has 

r ((Fy* (8) Id Dens(v) )(ij)) = 7 _1 (tV). 

Hence 

r (((Fy* ® JtZden.^) o Fy) (</>)) = 7~ 1 (r'(Fy0)) = 7 _1 (7M>)) = T<f>. 
Lemma is proved. Q.E.D. 

6.3.4 Proposition. Let p: V ^ W be a surjective linear map of vector spaces. Then the 
following diagram is commutative 

Fv ® Idn Pr)C .(v*\ 
Val sm {V) <g> Dens(y*) ( J ■ Fai sw (y*) 



P* 



P 



v* 



W w ®Id 



Dens(W*) 



Val sm (W* 



(6.3.8) 



Proof. Case 1. Let us consider the case of even valuations. 



By Lemma f6.3.3t on even valuations Fy ® Id Dens (y*) = Fyi, Fjy ® IdoensiW) — ^w*- 
Hence the commutativity of the diagram (I6.3.8f) is equivalent to commutativity of the fol- 
lowing diagram 



Val + ' sm (V* 



Val+' sm (V) ® Dens(F* 



v* 



P 



Val + ' sm (W* 



p* 



But the last diagram is a special case of Theorem 16.2.11 Thus the theorem is proved in the 
even case. 

Case 2. Let us consider the odd case. 

Let us denote m := dimW 7 . Let 1 < j < n — 1. We have to show that the following 
diagram is commutative: 

T/ r ,«7i/ T rt ^ n ^ V ® Id Dens(V*) sm , . 



P* 



P 



v* 



F w <g> Jd 



Dens(W/*) 



(6.3.9) 
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Case 2a. Let us assume in addition that dim W = 2. 

Then necessarily j = n — 1. In this case, by Lemma [6.3.2^ we have ¥ v ® Idr> ens (y*) 



Wyl, ¥ W ®Id 



Dens(W*) 



— ¥ w *. Hence the commutativity of the diagram fl6.3.9f) is equiv- 



alent to the commutativity of the diagram 



Val^ sm {V* 



¥ 



v* 



V 



Val^ sm (W*) 



¥ 



Val~'*™(V) ® Dens{V*) 



P* 



Val^' sm (W) ® Dens{W*)- 



(6.3.10) 



The last diagram is again a special case of Theorem 16.2.11 
Case 2b. Let us assume that j — n + m — 1. 

In other words we have to show that the following diagram is commutative 



VaU' sm (V) ® Dens(V*) 



V* 



Val~' sm (W) ® Dens{W*) 



Ft 



Id 



Dens{V) 



Val 



n—3 



\V*) 



¥ 



w 



Id 



Dens(W*) 



P 



V* 



(6.3. 1L 



Let us fix an arbitrary 2-dimensional subspace i: E 
square 



W . Let us form a Cartesian 




Note that p, p are surjections, i, i are injections. Set z := dimZ = 2 + n — m. 

Let us consider the following cube diagram where we denote Dens(») by -D(») for brevity: 
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Vaip sm (V) ® D(V) f ^ iflJ(V,) * Va^7(V) 




<£>(iy*) 



yair ,WB (^) ® ir-r-M ; » Val^' sm (E*) ® ® Z>(W) 



The following facets of this cube commute: 

• the left facet, by base change Theorem 13.5.31 

• the right facet, by base change Theorem I3.5.2| 

• the bottom facet, by Case 2a (since dimi? = 2); 

• the back facet, by Theorem 16. 2. 1| 

• the front facet, by Theorem 16.2.11 

These properties and a straightforward diagram chasing imply that 

(** ® Id D(w *)) o G» v * o (F v ® - (F w o Idf)(\y*}) o p,)) = 0. 

Since i v is an arbitrary surjection of rank two, Lemma [6.2.31 implies that 

P V * O (Fy <g> Id D (y*)) - (F W O Id D{W *)) O p„) = 0. 

This means that the diagram (16.3. lip is commutative. Thus Case 2b is proved. 
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Case 2c. Let us consider the general odd case. 

Let us fix an arbitrary surjection q: W -» X with dimX = n — j + 1. Let us consider 
the following diagram: 



Val~' sm (V) ® Densiy*) 



Fy ® Id Dens (y*) 



Val~^(V^ 



P* 



ValjlZJW) ® Dens(W* 



v* 



q* 



¥ w ® Id Dens (w*) 



Val^ sm (X) <g> Dens(X* 



F x ® Id Densix *) 



P 



Val~LT(W*) 



,V* 



Val-LT(X*) 



By Case 2b, the lower square of this diagram commutes. Also by Case 2b, the big exterior 
contour of this diagram commutes. It follows that 

q v * o (p v * o (Fy <g> Id Dens (y*)) - i¥ w <g> /<i Deris (vy»)) op*) = 0. 

Since the last equality holds for an arbitrary surjection q of rank n — j + 1, g v is an ar- 
bitrary injection of an (n — j + l)-dimensional subspace. But by Schneider's theorem [ID] 
odd fc-homogeneous valuations are uniquely determined by their restrictions to all (k + 1)- 
dimensional subspaces. Hence 

p y * o (Fy <g> Id Dens (y*)) - i¥ W <g> Idoens(W)) °P* =0. 

This means that the diagram (I6.3.9|) commutes. Proposition is proved. Q.E.D. 
The following theorem generalizes Lemma 16.3.11 

6.3.5 Theorem. Let < k < n. Let r] G C°° (Gr k {V) , S ky ) (S ky was defined in ( fO^j) . 
(Fy ® Jrf Dens( y*)) ( / M^)) J = / {ilTi^E ® Id Densm ) (77(E) X-6.3.12) 

\JEeGr k (V) J JE£Gr k (V) 

Proof. Case 1. Let us consider the even case, i.e. rj(E) G Val^' sm (E) Dens(E*) for 
any E G Gr k (V), < i < k. 

Case la. Assume in addition that i — 0. Thus ^(-E 1 ) G Dens(E*) for any £7 G Gr^V). 
We have the canonical identification 

Dens(E*) = Dens(V/E) ® Densiy*). (6.3.13) 

It is easy to see from the definitions that under this identification the map 

i E * : Dens(E*) -> Val(V) ® Dens(V*) 
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coincides with the map 

p* E <g> Id Dens{v *) : Dens{V/E) ® Dens(V*) — > Fai(F) g> r>ens(V*) 

where p^: V — > VyE" is the canonical projection. 

Let us denote by f] e C°°(G r r fc (l A ), T k y. k ) ® .Dens(^*) the section corresponding to 77 
under the isomorphism ( 16.3.131) . Thus 



Ie( 



i e ME))= [ (jP*E®Id Dena <y.))(f}{E)). (6.3.14) 

JE£Gr k (V) 



>EeGr k (V) JE£Gr k (V) 

Let us fix a Lebesgue measure fo/y on V. Set 

f):=f}-vol v eC°°(Gr k (V),T kjV . k ) 

Then 



/ t E ME))=([ p E (v(E)))®voly\ 

JE£Gr k (V) \JE£Gr k {V) J 



>E€Gr k {V) \JE€Gr k (V) 

Hence by the definition of the Fourier transform 



(F v ® Id Dens(v ^) ( f i E *(r)(E)) \ = ( [ p v E ,(W v/E (fj(E)))) ■ voly 1 . 

\JEeGr k (V) J \JE€Gr k (V) J 

Hence it suffices to check that for any E e Gr k (V) 

(Pe*^v/e(v(E)))) ■ voly 1 = (*L)*(F E ® Id Dens(E ^)( V (E)). (6.3.15) 

To prove the identity (16.3.151) let us fix a Lebesgue measure vol E on Let voly/E '■= ^ L 
be the corresponding Lebesgue measure on V/E. It is sufficient to prove (16.3. 15j) for rj(E) = 
vol^ 1 . Then under the isomorphism (16.3.131) we have 

t](E) = vol v /E ® voly 1 . 

fj(E) = Voly/E- 

(W E ® Id Dens{E *)(7i(E)) = vol~ E l e L>ens(£*). 
(4J*(F S ® Id Densm )(v(E)) = (6.3.16) 

Next 

F v/E {fj(E)) = ¥y /E {vol v/E ) = X{v/e)*®voI v/ e e Val {{V/E)*)®Dens{V/E). 



Hence 
We have 
Hence 



Hence 



(pL( F vyi? (??(£)))) -uo^ 1 = (p E *(X(v/E)* ®voI v/ e)) - voly 1 . 
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It is easy to see that the last expression is equal to the right hand side of (16.3.161) . This 
implies (16.3.151) . Hence Case la is proved. 
Case lb. Assume that i > 0. 

Recall that we denote by jF fc _ i fc (y) the partial flag manifold 

Fk-i,k(V) := {(L,E)\Lc E, L e Gr^V), E G Gr k (V)}. 

For (L,E) G J-k-i,k{y) let us denote by ie,l the imbedding L <^-> E. Let us denote by Q° 
the line bundle over -Ffc-i,fe(V) whose fiber over (L,E) is equal to Dens(L*). Let 

g -.= g°® \u n _ tAV) \. 

6.3.6 Claim. For any r) G C°° (Gr k (V) , <S^ y;i ) , k > i, there exists £ G C°° {T h - i>k {V) , Q) 
such that for any E G Gr k (V) 



V(E)= / i E>L ML,E)). (6.3.17) 

JL(LGr k _ x (E) 

Proof. Define the map C C0 (^ r fc_<, fc (V r ), 0) — ► C°°(Gr fc (^), by the right hand side of 

(16.3. 171) . This map is GL(V)-equivariant. Then Irreducibility Theorem, Casselman-Wallach 
theorem, and Proposition 11.2.61 imply the claim. Q.E.D. 

Let us continue proving Case lb. We have 

! i E ME))= \ [ i E *(i E ,LML,E))) = 

J EdGr k (V) JEdGr k (V) J LeGr k _ i (E) 



i L ^(L,E))= / i L A Z(L,E)). 

EeGr k (V) JLeGr k -i(E) J LeGr k -i(V) \J EeGr k (V),EDL J 

Let us denote by £(L) the inner integral in the last expression. Thus £ G C°° {Gr k ^i(V) , S^-iy -o) 
Hence by Case la 



(F v ® Id Dens{v *)) / i E M E )) = (6-3-18) 

\JE£Gr k {V) J 

{F v ® Id Dens{v « } ) [ [ h*{£{L)))= (6.3.19) 

ilf{¥ L ® Id Densm )(i(L)). (6.3.20) 



/ ' ■ 1 : 

JLtGr^iiV) 
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Using again Case la we obtain that the right hand side of the equality (16.3. 12[) is equal to 

/ (^)*(Fe <g> Id Densm ) ( [ ie,lML, E)) 

JEeGr k {V) \JLeGr k _i(E) / 

[ ( I (^ L y(W L ®Id Densm )(Z(L,E)) 

JE&GrdV) \JLeGr k ,(E) 



>EeGr k (V) \JLeGr k -i(E) 

/•V\*/1TTI «— x T 7 

,(£*) 



il)*(F L ® Id Densm ){i{L,E)) 



EeGr k (V) JLeGr k ^(E) 

■vww ~ ja \(t(T\\ by 

l L ) (Fx,® Id Dens ( L *) )(£(£)) 



L€Gr k _i(E) 



(Fy ® Id Dens(y *)) I / i E *{r}{E)) j 

\./£eGr fe (V) / 



£eGr fe (v) 

Thus Case lb is proved. Hence Case 1 is proved too. 

Case 2. Let us consider the odd case, i.e. r](E) G Val~' sm (E) ® Dens(E*) for any 
£ G Gr fc (V), 1 < i < k - 1. 

Then the equality (16.3.121) becomes equivalent to 

/ i E ME)) = ¥ V ( [ wtttwm) ■ 

JE&Gr 2 {V) \J E€Gr 2 (V) J 

The last equality is a special case of Theorem 16.2.41 Case 2a is proved. 
Case 2a. Assume that % — 1. 

Let us fix an arbitrary surjection p: V -» W of rank k. We have 

P V * ((¥y ® I<Ws(V*)) f / (v(E))) ) ^'J 33 (6.3.21) 

V \JEeGr k (V) J J 

(¥ w ® Idnens(w*)) (p* ( [ IeJeME))) ) = (6-3-22) 

V \JEeGr k (y) / / 

(¥ w ® Idn^w^) ( [ (p o i E )M E )) J = (6-3-23) 

(F w ® Id Dens{w * } ) ( [ (p o i E )*(r)(E))) = (6.3.24) 

V^£eGr fc (V),.Enl : S'er(p)={0} / 



^ -BeGn.fV), .EnfC er(p)=IOi 



(6.3.25) 

'E€Gr k (V), EnKer{p)={0} 

where the last equality follows from the fact that poi E ; E — ► iy is an isomorphism for any 
E G Grk{V) such that E D Ker{p) = {0}. Next the expression (16.3.251) is equal to 



/ (p o ^) v * ((F B ® Id Densm ){r]{E))) = (6.3.26) 

JE£Gr k {V) 

/ p V * (i£ ((F E ® Jd D en,(K*))(^(^)))) = (6.3.27) 

JE€Gr k (V) 

p v * ( [ i E * ((F E ® Id Dens{E *))(v(E)))) . (6.3.28) 

\JE&Gr k (V) J 
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Thus we have shown that (I6.3.2ip = (l6.3.28l) . In other words for any surjection p: V -» W of 
rank k 

j9 v *(i.h.s. of (BTj) ) = P v *(r.h.s. of mxm ). 

Since i = 1, this implies (16.3.121) . Thus Case 2a is proved. 
Case 2b. Assume now that % > 1. 

Let us consider the (infinite dimensional) vector bundle 7i° over the partial flag manifold 
J~k-i+x,k(y) whose fiber over (L,E) G JF fc _ i+ljfc (V r ) is equal to Va/^' sm (L) <g> Dens(L*). Let 

H:=Ti Q ® \u\? k _ i+lik (v)\- 

6.3.7 Claim. For any r] G C°°{Gr h (V),S^ Vri ), k > I > 1, t/iere existed G C°°(.F fe _ i+ i )fe (K), W) 
suc/i t/iat /or any i? G Gr^V) 

= / i EM (£(L,E)). (6.3.29) 

</L€Gr fc _ l+1 (i?) 

Proof. The map C°° {F k „ i+lik (V) , H) given by the right hand side of fl6.3.29j) is GL(V)- 
equivariant. Then the Irreducibility theorem, the Casselman-Wallach theorem, and Propo- 
sition [L2]6] imply the claim. Q.E.D. 

Next we have 



i E ME))= / M«V*(£(A£))) = 

EeGr k (V) JEeGr k (V) J L&Gr k _ i+1 (E) 

[ [ i L ML,E))= [ i L J [ Z(L,E)). 

JEGGr k (V) J LeGr k _ i+1 (E) J LeGr k - i+1 {V) \J EeGr k (V),EZ)L J 

Let us denote by £(L) the inner integral in the last expression. Thus | G C°° (Gr k -i(V) , S k _ i+1 v .^ 
Hence by Case 2a 

(Fy (g) IdDensfy*)) ( \ i E *(v(E)) ) = (6.3.30) 

\JEeGr k (V) / 

(W v ® Id Dens{v ^) I I i u (i(L)))= (6.3.31) 

/ (^)*(F L ® Id Dens( ^))(|(L)). (6.3.32) 

JLeGr k -<^ (V) 
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Using again Case 2a we obtain that the right hand side of the equality (16.3. 12[) is equal to 
/ (^)*(F B ® U Densm ) ( / ie,lML, E)) 



JE(LGr k (V) \J L£Gr k _ 1+l (E) 



IT f / (*J5,l)*(Fi, ® IdDens(L*))(£(L, E)) 

iiy^ L ®id Densm ){^{L,E)) 

[ (iy L )*(F L ®Id Dens{L * ) (i{L)) 

J LeGr k _,,UE) 



E&Gr k {V) J LeGr k - i+1 (E) 

by (16.3.321! 



LeGr fc _ l+1 (£) 

(Fy ® Id Dens{y *)) I / iE*{v(E)) J ■ 

\JEeGr k (V) J 

Thus Case 2a is proved. Hence Case 2 is proved too, and Theorem 16.3.51 is proved. Q.E.D. 

The following immediate reformulation of Theorem 16.3.51 will be useful in the proof of 
Theorem 16.4.11 below. 

6.3.8 Corollary. LetO<k<n. Let fj G C°°{Gr k (V),S ky ) ® Dens{V). Then 

Fy ( / (i E * ® Id De ns{V)){ri{E)) J = (6.3.33) 

\JEeGr k (V) J 

[ {ie* <g> Id Dens{v) ) ({¥ E ® Id Dens(y/E) ){fj{E))) (6.3.34) 

JEeGr k {V) 

where i E * ® IdDens(v) in the left hand side is the map (Val sm (E) ® Dens(E*)) <g> DensiV) 
— > Va/ sm (V), and Fg eg) Dens(V/E) in the right hand side is the map 

Val sm {E) ® Dens{E*) <g> Z>ens(V) = VaZ sm (£) ® DensiV/ E) ¥e ® m ^ v ' e "> 
(Val sm {E*) <g> Dens{E)) <g> L>ens(y/£) = Va/ sm (£*) <g> Deris(V). 

6.3.9 Theorem (Plancherel formula). 

(Fy* ® Id Dens{v) ) O Fy = £y. 

Proof. In the even case this theorem is precisely Lemma 16.3.31 Let us consider the odd 
i-homogeneous case 

(Fy* ® Id Dens(y) ) ° Fy : VH 7 ' Sm (^) -> Va/r^V). 

If z = 1 the result is just Lemma [6.3.21 If z = n — 1 then the result follows immediately from 
the definition of the Fourier transform Fy: Val~f^(V) — > Vali' sm (V*) <8> Dens(y) since 

Fy : = - (Fy* <g> Id Dens( y) 

Let us assume that 2 < i < n — 2. Fix G Va/^'^CV). By Proposition 16. 1 .51 there exists 
£ G C°°(G'r n _j_i(V r ), y.J such that <fi = H i+ i i y(£). By the definition of Fy in this case, 



Fv(0 = / ^(Fy /F (£(F))). 
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By Theorem 16.3.51 we have 

(Fy <g> I<W s (v*))(Fy(</>)) = (6.3.35) 
p* F ((¥ {V/Fy - ® JrfD e ns(y/F))(Fy /F (e(i 71 )))) = (6.3.36) 



/, 



FeGr„_i_i(V) 

pJ.(£(F)) (6.3.37) 



where the last equality holds by the proved above case corresponding to n — i + 1. But the 
expression (I6.3.37P is equal to — H i+1> y(£) = —(f). Hence theorem is proved. Q.E.D. 
Let us fix now a Euclidean metric on V. This induces isomorphisms 

V*^V,Dens(V)^C. (6.3.38) 

Under these identifications Fy '■ Val sm (V)—>-Val sm (V). From Theorem 16 . 3 . 91 we easily deduce 

6.3.10 Corollary. Under the identifications k6. 3. 38\) one has F v = Id. Moreover F v ^ Id 
provided dim V > 1 . 

6.4 Homomorphism property of the Fourier transform in higher 
dimensions. 

6.4.1 Theorem. The map 

F v : Val sm (V) — > Val sm (V*) ® Dens(V) 

is an isomorphism of algebras. 

Proof. It remains to show that Fy is a homomorphism of algebras, i.e. 

F y (0-VO = F y (0)*Fy(</>) (6.4.1) 

for any 0, if) G Val sm (V). We will consider a number of cases. 
Case 1. Assume that <fi and if) are even. 

This case was proved by Bernig and Fu |15j . We will not prove this case here though it 
can be proved similarly to Case 2 below, but simpler. 
Case 2. Assume that G Valp sm (V), if) G Valj' sm (V). 
We will need a general lemma. 

6.4.2 Lemma. Let F C V be a linear subspace. Let ip \ F <^-> V, p^: V" -» V/.F 6e £/ie 
canonical imbedding and projection maps. Let E C V be another linear subspace, and let 
Pe'. V -»V/E be the canonical projection. 

Let fi G Dens{V/F) C Val sm (V/F), ( G Val sm (V/E). Then 

{Pf x B C) = («f* ® Id Dens{V ))((pE o i F )*(C) ® /i) (6.4.2) 

w/iere 

p F xp E :V V/F x V/E, 
(Pe o i F )*(C) ®^ VaZ(F) <g> Dens{V/F) = (VaZ(F) ® Dens(F*)) <g> Dens(V r ), 
«f* ® Id De ns(V) ■ (Val(F) ® Dens(F*)) ® Dens(V) — > VaZ(V). 
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Proof. By the McMullen's conjecture we may assume that 

((•) = vol v/E (m + A) 

where voly/E is a Lebesgue measure on V/E, and A G JC sm (V/ E). Let us compute first the 



left hand side of (16.4.21) . One has 

(p F xp E y{^Q{K)= (6.4.3) 

(fi®()((PFXPE)(K))= (6.4.4) 

/ vol v/E {{{p F x p E ){K) n ({^} x V/E)) + A) (6.4.5) 



JzdV/F 

Let us compute now the right hand side of (16.4.21) . One has 

(i Fir ® Id Dens{v) ) ((p E o z f )*(C) ® /i) (if) = 
/ ((p E oi F )*()(Knz)dn(z) = 

Jz£V/F 

/ (((p B oi f )(ifnz))#). 

Jzev/F 

Hence 

(z F * ® Id Dens(y) ) (ip E o ij,)*(C) ® ^) (K) = (6.4.6) 
/ C(p B (^nz))d//(z)= (6.4.7) 

Jz<=V/F 

/ TOly/Bfe^nzj+Aj^z). (6.4.8) 

JzEV/F 

But obviously 

{^} x Ve [k nz) = ( Pf x n ({z} x v/E). 

Substituting this into (I6.4.8P and comparing with (16.4. 5p we get that 

jXSD = (I6A6|) . 

Thus lemma is proved. Q.E.D. 

Let us return now to the proof of Case 2 of the theorem. First observe that if i+j > n — 1 
then both sides of (16.4.11) vanish. Thus we will assume that i + j < n — 1. 

Case 2a. Let us assume in addition that i + j = n — 1. 

By Proposition [6X5] there exist fi G (^(^(V),^) and £ G C TC (Gr;(V), 7}~ 1>Vii ) 
such that (f> = Eiy(fi), tp = Ej + xy(Q. In other words 

= / PME)), 

JE&Gr n -i{V) 

i>= f pMC(e))- 
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Then we have 



M0^) Pr ° P =™ (6.4.9) 
7 V { I I (p F xp E y(ji{F)RC(m) Lemn ^™ (6.4.10) 



'E£Gr n -i(V) JFeGn(V) / 

Vv( [ f (iF*®Id D ens(V))((pEOi F )*(((E))®v(F))) (6.4.11) 

\JE€Gr n -i(V) JFeGri(V) J 

Let us denote 

Z := {(E, F) G Gr n ^(V) x Gr t (V)\ E n F = 0}. (6.4.12) 

Thus Z C GrJV-i(V) x Gr»(V) is an open dense subset whose complement is a (singular) 
subvariety of positive codimension. Then clearly 

( I6ATTD = ¥ v Qf (*f* ® Id DensiV )) {{pe o iF)*(((E)) //(F))J . 
Let us denote for brevity 

u(E,F):=(jp E oi F y(((E))®vL(F). 

It is easy to see that 

• uj is a continuous section of the bundle 7^.^ Kl 7"^ y . over Gr n _j(y) x C?rj(V); 

• c<j is smooth over 2. 

Let us fix a sequence 7^: Gr n _j(V) x Grj(V) — > [0, 1], iV G N, of C°°-smooth functions 
vanishing in a neighborhood (depending on N) of the complement of Z, and converging 
uniformly on compact subsets of Z to the function 1 with all partial derivatives. 

From the mentioned properties of u and the choice of a sequence {'Jn} it easily follows 
that 

lim / 7^ • (i F , <g> Id Dens(v) )u;(E, F) = (i F * <g> Id Dens{v) )ui(E, F) 
where the convergence is understood in the space Val sm (V). Hence 

d6XTT|) = lim W v ( [ -yN-(i F *®Id De ns(v))((PEoi F )*(((E))®v(F)) 



lim / Fy / lN-(iF*®Id D ens(V))((PEOi F )*(((E))®lx(F)) 

N—^oc J E&Grn _.( V ) \J F eGri(V) 

We may apply Corollary 16.3.81 to the last expression; it is equal to 

lim / / 7tv • (i F * <S> IdDens{v) ) ((Fp ® /rf Dens( y /F) )((p B o ip.)*(C(£)) ® M^))) • 

Ar_ ^ ° JE€Gr n ^{V) JFeGn(V) 

The last limit is clearly equal to 

/ {ip* ® Id Dens{v) ) ((Wp ® Jrf Dens (y /F ))((p B o ip)*(C(£)) ® = (6.4.13) 

J(E,F)ez 

/ (z^ (g) /^ cns(v) ) (Fp. ((pp o ip)*(C(#))) ® //(F)) . (6.4.14) 
J(E,F)ez 
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Since for (E, F) G Z the map p F oi F : F — > V/E is an isomorphism, we have 

¥ F o (p E o i F )* = (p E o i F )V o Fy/ B . 

Hence 

HI = ® Id De ns(V)) {%M*(Fv/e((E))) <g> /i(F)) = 

JF^GniV) V V</£eGV n _ 4 (V) / / 

if ® Id Dens(v) ) (i^(F y V) ® 



To summarize the above computation, we have obtained the equality 



F v (0-V)= / {i F *®Id Dens{y) ){i F ^ v ^)®^{F)). (6.4.15) 

JFeGriiy) 

Hence to finish the proof of Case 2a it remains to prove the following lemma. 

6.4.3 Lemma. Let fi G C x> {Gr i {V), ^0 = / FeGri(v) PF(MF)). ^^eVar(y*)« 

.Dens(V). T/ien 

/ (#* ® /d 0ens(y) ) ® //(F)) = £ * F v (0). (6.4.16) 

JFGGn(V) 

Proof. First recall that Dens(V/F) = Dens(F*) <g> DensiV). Under this identification, 
for any F G GriiV) we have fi(F) G Dens(F*) ® _Dens(V) (g) |tt>Grj(V)| p - Next we have 



M<f>) = / (zF®/^^))^^)). 

'FeGn(V) 



Let us fix a Lebesgue measure voly on V. Then by Proposition 16.1.31 

£KFy(0) = I £®(iy F *®Id Dms(v) )(n(F)) = 

JFEGn(V) 

£ M (i F *(fi(F) ® fo/y 1 ) (8) fo/y) . 



' FeGri[F) 

Hence, using Proposition 13.3.21 we get 

£*Fy(0) = a*(£KFy(0)) = 
a, (f Kl (i F *(n(F) ® ^y 1 ) ® uo^v)) 

FeGn(F) 

where a: l/*xy* — >• V* is the addition map. Thus in order to prove the lemma, it suffices to 
show that for any F G Gr^V), any £ G V^aZ 5 ™^*) (g> Dens(V), and any /i G Dens(V/F) = 
Dens(F*) eg) .Dens(V) one has 

a, (f B (i F *(/i ® voly 1 ) <g> vo/y)) = (z F * <g> Id Dens{V )) (i^(0 ® /x) • (6.4.17) 



75 



Let us fix also a Lebesgue measure volp on F. Let us denote voly/F '■= ^j^- the 
corresponding Lebesgue measure on V/F. It is enough to prove the equality (16.4.171) for 
\i = voly/F- Then \i ® voly 1 = volp 1 G Dens(F*). Furthermore, by the McMullen's conjec- 
ture we may assume that £(•) = vol v l {» + A) <g> voly where A G /C sm (K*). 

Let us fix K G /C(V*). Then we have 

(r.h.s. of (EXT7D)(^) = {%fM) ® fj)(iU K )) = ( 6 - 4 - 18 ) 

(volp l {i F {K) + ® vol F ) ® wo/y/F = (6.4.19) 

volp^iipi^K + A)) (g) t>o/y. (6.4.20) 

On the other hand we have 

f SI (z^*(/i ® wo/^ 1 ) g> wo/y) = (6.4.21) 

(W^(« + A) (8) wo/y) Kl (^(vo^ 1 ) (8) wo/y) • (6.4.22) 

Let us fix S G K.(Ker(i F )) = JC((V/F)*) with vol~j F (S) = 1. Then by LemmaEjTDwe have 

= vd?{%{K)) = {n [ iy j n £ nJ s= vd v( K + ( 6 - 4 - 23 ) 
Substituting (16.4.231) into (I6.4.22|) and using the definition of pushforward we get 

(l.h.s. of 06.4.171) ) = vol v l {i F (K + A)) ® uoZy. (6.4.24) 

Comparing (I6.4.24j) and (I6.4.20p we conclude the equality (16.4. 17j) . Hence Lemma 16.4.31 is 
proved. Q.E.D. 

Case 2a is proved as well. 

Case 2b. Let us assume now that % + j + 1 < n. 

By Schneider's theorem [ID] every odd (i + j + l)-homogeneous valuation is uniquely 
determined by its restrictions to all (i + j + l)-dimensional subspaces. Hence it is enough to 
check that for any (i + j + l)-dimensional subspace i: L <^-> V one has 

. = i*(¥ v 1 (¥ V (j) * ¥ v i/j)). 

Let us compute the right hand side of the above equality: 

Thm. EXIL-i ,.vfT* , , w Pr °P- E3H 



i* (¥ v 1 (¥ V (j) * Fy^)) ^J^F^ 1 (C(FW> * FvV)) 

* F L (z*i 



F L 1 (^(F y 0) * C(Fy0)) ^^^F^F^^) * F L (i») C&S = 2& 



Thus Case 2b is proved. Hence Case 2 is proved too. 
Case 3. Assume that (ft, ip G Val^^iV). 

We will use the homomorphism property of the Fourier transform in two dimensions 
proved in Section [5741 By Klain's theorem [30] it is enough to show that for any 2-dimensional 
space E and an imbedding i : E <—> V one has 

i*((f) . ip) = j* (Fy X (Fy0 * Fy^)) • (6.4.25) 
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Let us compute the right hand side of fl6.4.25[) : 



i* (¥-\W v <p * Fy0)) T^-EXBf- 1 (C(Fy0 * F^)) Pro P = ™ 
FZ 1 (CCFv*) * C(F^)) Thm = ™ F - (F,(f 0) * F,(^)) Thm - P^ 2) 

Case 3 is proved. 

Case 4. Let us prove the equality (16.4. ip in general. 

The only remaining case is G Val^' sm (V), ip G ValJ' sm (V), and either i > 1 or 
j > 1. For any /c > 1 the subspace Vali' srn (V) ■ Val^™(V) is dense in Val^' sm (V) by the 
Irreducibility Theorem. Hence we may assume that <fi = <p~ ■ + where 0~ G V A a/^' sm (V A ), 
0+ G VX-H^); and similarly i/j = ■ ^+ where if;' G 1/a/^' sm (\/), ^ + G Val^\v). 
Then we have 

F y (0 • vo = F y ((0 + ■ iJ + ) ■ {<p~ ■ r)) Ca = 1 

Fy(0 + • * Fy(0" • CaS = Fy(0+) * Fy(^ + ) * Fy(0~) * Fyft/T) C& = 2 

Fy(0 + • * Fy(?/> + ■ Ip')) = Fy(0) * Fy(^). 

Theorem 16.4.11 is proved. Q.E.D. 

6.4.4 Remark. The Fourier transform Fy we have constructed is not quite canonical. More 
precisely, let us fix n > 1. Let C n denote the category whose objects Ob{C n ) are n-dimensional 
real vector spaces, and morphisms between them are linear isomorphisms. Assume that for 
any object V of C n we are given an isomorphism Fy : Val sm (V)- 1 +Val sm (V*) (g) DensiV) of 
linear topological spaces such that 

• for any morphism / : V — > W in C n (i.e. / is just a linear isomorphism) the following 
diagram is commutative 

Val sm (V) Val sm (W) 

Fy ¥ W 

Val sm (V*) ® Dens(V) - Val sm (W*) ® Dens(W) 

f 

where the horizontal arrows are obvious isomorphisms induced by the isomorphisms V — > W 
and W* — ► V* where f v is the dual of /; 

• for any V G Ob(C n ) the map Fy is an isomorphism of algebras when the source is equipped 
with the product and the target with the convolution; 

• for any V G Ob(C n ) one has the Plancherel type formula as in Theorem 10.1.3( 3). 

Then one can show that there exist exactly four families of maps {Fy}y e oft(e„) satisfying 
the above conditions. The difficult part (which is the main subject of this article) is to prove 
existence of at least one such a family. 
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7 A hard Lefschetz type theorem for valuations. 

Let V be a Euclidean n-dimensional space. Let V\ G Vali(V) denote the first intrinsic 
volume (see e.g. [39], p. 210). This valuation is invariant under the orthogonal group and it 
is smooth. The main result of this section is the following theorem. 

7.1.1 Theorem (hard Lefschetz type theorem). Let < % < n/2. Then the map 

Voiron - vaizm 

given by <f> i— > (Vi) n ~ 2i • is an isomorphism. 

7.1.2 Remark. For even valuations this result was proved first by the author in [7j. 

Before we prove Theorem 17.1.11 we need some preparations. In [4] the author has intro- 
duced an operator 

A: Val{V) -> Val{V) 

defined by (A<j>)(K) = £\ e=Q 4>{K + e ■ D) for any 6 Val(V), K 6 K{V). Note that 
<p(K + e ■ D) is a polynomial in e > of degree at most n by a result of McMullen [33J. 
The operator A decreases the degree of homogeneity by 1 . We are going to use the following 
theorem which was proved by the author [4] for even valuations and by Bernig and Brocker 
[T4] in general. 

7.1.3 Theorem. Let n > i > n/2. The operator 

A 2i - n : Valt m (V) -> Val^V) 

is an isomorphism. 

Next, the Euclidean metric on V induces the identifications V^V* and Dens(V)^-C 
Under these identifications the Fourier transform acts Fy: Val sm (V)^-Val sm (V). We will 
need the following lemma which was observed by Bernig and Fu in [15], Corollary 1.9, in the 
case of even valuations. 

7.1.4 Lemma. For any <p £ Val sm (V) one has 

Vf(j) = KiFy 1 oAoF y )(0) 
where k is a non-zero constant depending on n only. 

Proof. The proof is essentially the same as in the even case |15j . once one has the Fourier 
transform. By the homomorphism property of the Fourier transform we have 

¥ v (V 1 -<j ) )=¥ v (V 1 )*¥ v ( ( f ) ). (7.1.1) 

Observe that Fy(Vi) is an 0(n)-invariant valuation homogeneous of degree n— 1. Hence by 
the Hadwiger characterization theorem [24] it must be proportional to the (n — l)-th intrinsic 
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volume which is proportional to the valuation K i— > ^| uoZ(iC + e£)). Next observe 

that for any A G /C sm (V) and any G 1/a/ sm (y) 

+ A) *0 = </>(• + A). (7.1.2) 

Indeed the equality (17.1.21) is easily checked for <p of the form </>(•) = i>oZ(« + 5), and the 
general case follows from the McMullen's conjecture. Hence Fy(Vi) * Fy(0) is proportional 
to 

^| o (F y 0)(. + £ J D)=A(F y 0). (7.1.3) 

Then Lemma EU follows from (TTXTj) . (17X31 . Q.E.D. 

Proof of Theorem 17.1.11 It follows immediately from Theorem 17. 1.31 and Lemma [7. 1.41 
Q.E.D. 



8 Appendix: a remark on exterior product on valua- 
tions. 

In this appendix we will prove a slightly more refined statement on the exterior product of 
valuations than it appears in [5]. Though for the purposes of this article we need only the 
case of translation invariant valuations, we will prove the result in a greater generality of 
polynomial valuations following [5]. 

Let us remind the definition of a polynomial valuation introduced by Khovanskii and 
Pukhlikov in [28J. Let V be an n-dimensional real vector space. 

8.1.1 Definition. A valuation is called polynomial of degree at most d if for every K G 
fC(V) the function x \— > <p(K + x) is a polynomial on V of degree at most d. 

Note that valuations polynomial of degree are just translation invariant valuations. 
Polynomial valuations have many nice combinatorial-algebraic properties ([28], [29]). 

Let PVal d (V) denote the space of continuous valuations on V which are polynomial of 
degree at most d. It is a Frechet space (in fact a Banach space) with the topology of uniform 
convergence on compact subsets of JC(V). Let Q d (V) denote the (finite dimensional) space of 
n-densities on V with polynomial coefficients of degree at most d (clearly Q d (V) is canonically 
isomorphic to (®f =0 Sym l V*)®\ /\ n V*\ where | A" V* | denotes the space of Lebesgue measures 
on V). 

The group GL(V) acts naturally on PValdiV) as usual: (g<p)(K) = ^(g^K). This 
action is continuous. The subspace of GL(K)-smooth vectors is denoted by PVal s d m (V). 

For a vector space U, a smooth measure \i on f/,and A G JC(U) let us denote by fiA the 
valuation [K i— > fi(K + A)]. Now let us state the main result of this appendix which refines 
Proposition 1.10 from [5]. 

8.1.2 Proposition. Let V,W be finite dimensional real vector spaces. There exists a con- 
tinuous bilinear map 

PVal s d m (V) x PVal d ,(W) — > PVal d+d ,{V x W) 
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which is uniquely characterized by the property that for any polynomial measures /i, v on 
V, W respectively, and any A £ JC(V), B £ JC sm (W) one has 

{fJ>A, vb) v)axb 

where fiMv denotes the usual product measure. This map is called the exterior product and 
is denoted by IE. 

8.1.3 Remark. An important difference of this proposition in comparison to [5 J is that now 
we can consider the exterior product of a smooth valuation by a continuous one (and not 
just a product of two smooth valuations). 

Before we prove this proposition let us introduce more notation and remind some con- 
structions from [5]. Let us denote by P + (V*) the manifold of oriented lines passing through 
the origin in V*. Let L denote the line bundle over F + (V*) whose fiber over an oriented line 
/ consists of linear functionals on I. 

We are going to remind the construction from [5] of a natural linear map 

M : n n d (V) ® C°°((F + (V*)) k ,L m ) — PVal d (V) 

which commutes with the natural action of the group GL(V) on both spaces and induces an 
epimorphism on the subspaces of smooth vectors. 

The construction is as follows. Let fi £ Vt^iV), A\, . . . , A k £ /C(V). Then J^, k x A jj, is a 

polynomial in Xj > of degree at most n + d. This can be easily seen directly, but it was also 
proved in general for polynomial valuations by Khovanskii and Pukhlikov [28] . Also it easily 
follows that the coefficients of this polynomial depend continuously on (A\, . . . , Ak) £ IC(V) k 
with respect to the Hausdorff metric. Hence we can define a continuous map Q' kd - ^diY) x 
JC(V) k — ► PVal d (V) given by 



(GU»;A 1 ,...,A k ))(K): ° 



d\i . . . d\ h 



t^- 



lt is clear that Q' kd is Minkowski additive with respect to each Aj. Namely, say for 
j = 1, a, b > 0, one has 

e' kjd (n; aA[ + bA'l, A 2 ,..., A k ) = aQ' k>d (n; A[, A 2 , . . . , A k ) + 60^0; A", A 2 , . . . , A k ). 

Remind that for any A £ K(V) one defines the supporting functional hA_(y) '■— sup x&A (y, x) 
for any y £ V*. Thus Jia £ C(F + (V*), L). Moreover it is well known (and easy to see) that 
An — ► A in the Hausdorff metric if and only if Ha n — > in C(F + (V*), L). Also any section 
F £ C 2 (P + (V*), L) can be presented as a difference F = G-H where G, H £ C 2 (P + (V*),L) 
are supporting functionals of some convex compact sets and max{| \G\ |c 2 , | \H \ \ c ^} < c||F| \ C 2 
where c is a constant. (Indeed one can choose G = F + R ■ hp, H = R ■ hp where D is the 
unit Euclidean ball, and R is a large enough constant depending on ||F||c2.) Hence we can 
uniquely extend G' s d to a multilinear continuous map (which we will denote by the same 
letter): 

9' : n n d (V) x (C 2 (F + (V*),L)) k - PVal d {V). 
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By Theorem 11.5.11 it follows that this map gives rise to a continuous linear map 

9 M : n n d (V)®C°°(F + (V*) k ,L m ) PVal d (V). 

Since 0^ commutes with the action of GL(V), its image is contained in PVal s d m {y). Thus 
we got a continuous map 

M : tt n d {V) ® C°°(F + (V*) k ,L m ) -> PVal s d m (V). 

which we wanted to construct. 

We will study this map Qk,d- Note that it depends on k and d which will be fixed from 
now on. Let us denote by Q d the sum of the maps ©)L ®k,d- Thus 

Q d : Q»(V) ® ( Q)C°°(F + (V*) k ,L m ) J -> PVal s d m (V). 
\k=o ) 

The following result was proved by the author in [5], Corollary 1.9. 

8.1.4 Lemma Q5J). The map Q d is onto PVal s d m (V). 

Since the source and the target spaces of 0^ are Frechet spaces, by the open mapping 
theorem (see e.g. [37], Ch. Ill, §2) the topology on PVal s d m {V) is the quotient topology on 

Proof of Proposition 18.1.21 Denote n := dimV, m := dimM^. We have the following 
claim whose proof is easy and is omitted. 

8.1.5 Claim. Let <p £ PVal d (V). Let /i e Vt^(W). Then the map /C(V x W) — > C 

given by 



V+JK) := / <f>{K n(Vx {w})d^(w) 

Jw€W 

is a continuous valuation polynomial of degree at most d + d' . 

Hence by a result of Khovanskii and Pukhlikov [28J, ^<p,fi{Y2i=i ^i-^-i) * s a polynomial 
in Ai, . . . , \ s > of degree at most d + d! + n + m for any K\ , . . . , K s £ JC(V x W) (for 
translation invariant valuations this fact was proved earlier by McMullen [33J). Hence for 
any Ai,...,A k e JC(W), K e K,(V x W) the expression 



+ ^{0} x ^ j = J ^ <t> [j^ + ^{0} x ^ j 



n {V x {w}) 



is a polynomial in Ai, . . . , A& > of degree at most d + d' + n + m (in particular, there is a 
uniform bound on the degree). 

It easily follows that dX f k g Xk | ^V,/j + ({0} x Si=i ^iA) J is a continuous valuati 
with respect to K G JC(V x W). Moreover the map 



ion 



PVal d (V) x n%(W) x K,{W) k -> Pya/d+tf (V" x W) (8.1.1) 
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given by 



At 



K 



d\i . . . d\i 



i=l 



is continuous. Also this map is Minkowski additive with respect to each Aj G IC(W). By 
the argument used in the construction of the map Q d , the map (18.1. ip extends (uniquely) to 
a multilinear continuous map 



PVal d {V) x tt$(W) x C°°(P + (W*),L) k -> PVal d+d ,(V x W). 
By Theorem 11.5.11 the map (18.1. 2p gives rise to a bilinear continuous map 

PVal d (V) x tt%{W) ® C°°{F + {W*) k , L m ) -> PVa/ d+d ,(V x W). 
Summing up over = 0, . . . , m we obtain a bilinear continuous map 



(8.1.2) 



(8.1.3) 



P^aZ d (V0 x Sl$(W) ® 0C°° (P+(iy*) fc ,L Kfc ) — PFaZ d+(f (V x W). (8.1.4) 



,fe=0 



8.1.6 Lemma. T/ie map ( fjOTj] ) factorizes (uniquely) as 

PVal d (V) x (J2y(W) ® (©LqC 00 (F + (^*) fc ,L Kfc ))) ^PVal d+d ,(y x 




PVaZ d (F) x PVal^iW) 



Proof. If PValdiV) is replaced by PVal d m (V), the corresponding result was proved in 
[5], and the obtained map 

PValTiV) x PVal^iW) -> P^aZ d+d ,(V x W) 

was exactly the exterior product. Our lemma follows from this fact and the continuity of 
the map (I8.1.4p because PVal d m (V) C PVal d {V) is a dense subspace. Lemma is proved. 
Q.E.D. 

The map 

PVal d {V) x PVal^iW) -> PVaZ d+d ,(V x W) 
from Lemma [8.1.61 is the map we need. Proposition 18. 1.21 is proved. Q.E.D. 



82 



References 



[1] Alesker, Semyon; Continuous rotation invariant valuations on convex sets. Ann. of Math. 
(2) 149 (1999), no. 3, 977-1005. 

[2] Alesker, Semyon; On P. McMullen's conjecture on translation invariant valuations. Adv. 
Math. 155 (2000), no. 2, 239-263. 

[3] Alesker, Semyon; Description of translation invariant valuations on convex sets with 
solution of P. McMullen's conjecture. Geom. Funct. Anal. 11 (2001), no. 2, 244-272. 

[4] Alesker, Semyon; Hard Lefschetz theorem for valuations, complex integral geome- 
try, and unitarily invariant valuations. J. Differential Geom. 63 (2003), no. 1, 63-95. 
|math.MG/0209263| 

[5] Alesker, Semyon; The multiplicative structure on polynomial continuous valuations. 
Geom. Funct. Anal. 14 (2004), no. 1, 1-26, |math.MG/0301148| 

[6] Alesker, Semyon; S'f/(2)-invariant valuations. Geometric aspects of functional analysis, 
21-29, Lecture Notes in Math., 1850, Springer, Berlin, 2004. 

[7] Alesker, Semyon; Hard Lefschetz theorem for valuations and related questions of integral 
geometry. Geometric aspects of functional analysis, 9-20, Lecture Notes in Math., 1850, 
Springer, Berlin, 2004. 

[8] Alesker, Semyon; Theory of valuations on manifolds, I. Linear spaces. Israel Journal of 
Mathematics 156 (2006), 311-339. Also: |math.MG/0503397| 

[9] Alesker, Semyon; Theory of valuations on manifolds. II. Adv. Math. 207 (2006), no. 1, 
420-454. Also: |math.MG/0503399| 



[10 

[11 
[12 

[13 
[14 
[15 



Alesker, Semyon; Theory of valuations on manifolds, IV. New properties of the mul- 
tiplicative structure. Geometric aspects of functional analysis, 1-44, Lecture Notes in 



Math., 1910, Springer, Berlin, 2007. Also: math.MG/0511171 



Alesker, Semyon; Theory of valuations on manifolds: a survey. Geom. Funct. Anal. 17 
(2007), no. 4, 1321-1341. Also: |math.MG/0603372[ 

Alesker, Semyon; Fu, Joseph H. G.; Theory of valuations on manifolds, III. Multiplica- 
tive structure in the general case. Trans. Amer. Math. Soc. 360 (2008), no. 4, 1951-1981. 



Also: |math.MG /0509512 



Beilinson, Alexandre; Bernstein, Joseph; Localisation de g-modules. (French) C. R. 
Acad. Sci. Paris Ser. I Math. 292 (1981), no. 1, 15-18. 

Bernig, Andreas; Brocker, Ludwig; Valuations on manifolds and Rumin cohomology. J. 
Differential Geom. 75 (2007), no. 3, 433-457. 

Bernig, Andreas; Fu, Joseph H.G.; Convolution of convex valuations. Geom. Dedicata 
123 (2006), 153-169. Also: |math.DG/0607449[ 



83 



[16] Bien, Frederic; D-modules and spherical representations. Mathematical Notes, 39. 
Princeton University Press, Princeton, NJ, 1990. 

[17] Borho, Walter; Brylinski, Jean-Luc; Differential operators on homogeneous spaces. I. 
Irreducibility of the associated variety for annihilators of induced modules. Invent. Math. 
69 (1982), no. 3, 437-476. 

[18] Borho, W.; Brylinski, Jean-Luc; Differential operators on homogeneous spaces. III. 
Characteristic varieties of Harish-Chandra modules and of primitive ideals. Invent. Math. 
80 (1985), no. 1, 1-68. 

[19] Casselman, William; Canonical extensions of Harish-Chandra modules to representa- 
tions of G. Canad. J. Math. 41 (1989), no. 3, 385438. 

[20] Gelfand, I. M.; Vilenkin, N. Ya.; Generalized functions. Vol. 4- Applications of harmonic 
analysis. Translated from the Russian by Amiel Feinstein. Academic Press [Harcourt 
Brace Jovanovich, Publishers], New York-London, 1964 [1977]. 

[21] Goodey, Paul; Weil, Wolfgang; Distributions and valuations. Proc. London Math. Soc. 
(3) 49 (1984), no. 3, 504-516. 

[22] Guillemin,Victor; Sternberg, Shlomo; Geometric Asymptotics. Mathematical Surveys, 
No. 14. American Mathematical Society, Providence, R.I., 1977. 

[23] Hadwiger, Hugo; Translationsinvariante, additive und stetige Eibereichfunktionale. 
(German) Publ. Math. Debrecen 2, (1951). 81-94. 

[24] Hadwiger, Hugo; Vorlesungen iiber Inhalt, Oberflache und Isoperimetrie. (German) 
Springer- Verlag, Berlin-Gottingen-Heidelberg 1957. 

[25] Hartshorne, Robin; Algebraic geometry. Graduate Texts in Mathematics, No. 52. 
Springer- Verlag, New York-Heidelberg, 1977. 

[26] Jacquet, Herve; Langlands, Robert P.; Automorphic forms on GL(2). Lecture Notes in 
Mathematics, Vol. 114. Springer- Verlag, Berlin-New York, 1970. 

[27] Kashiwara, Masaki; Representation theory and D-modules on flag varieties. Orbites 
unipotentes et representations, III. Asterisque No. 173-174 (1989), 9, 55-109. 

[28] Khovanskii, A. G.; Pukhlikov, A. V.; Finitely additive measures of virtual polyhedra. 
(Russian) Algebra i Analiz 4 (1992), no. 2, 161-185; translation in St. Petersburg Math. 
J. 4 (1993), no. 2, 337-356. 

[29] Khovanskii, A. G.; Pukhlikov, A. V.; The Riemann-Roch theorem for integrals and 
sums of quasipolynomials on virtual polytopes. (Russian) Algebra i Analiz 4 (1992), no. 
4, 188-216; translation in St. Petersburg Math. J. 4 (1993), no. 4, 789-812. 

[30] Klain, Daniel A.; A short proof of Hadwiger's characterization theorem. Mathematika 
42 (1995), no. 2, 329-339. 



84 



[31] Klain, Daniel A.; Even valuations on convex bodies. Trans. Amer. Math. Soc. 352 (2000), 
no. 1, 71-93. 

[32] Ludwig, Monika; Reitzner, Matthias; A characterization of affine surface area. Adv. 
Math. 147 (1999), no. 1, 138-172. 

[33] McMullen, Peter; Valuations and Euler-type relations on certain classes of convex poly- 
topes. Proc. London Math. Soc. (3) 35 (1977), no. 1, 113-135. 

[34] McMullen, Peter; Continuous translation-invariant valuations on the space of compact 
convex sets. Arch. Math. (Basel) 34 (1980), no. 4, 377-384. 

[35] McMullen, Peter; Valuations and dissections. Handbook of convex geometry, Vol. A, B, 
933-988, North-Holland, Amsterdam, 1993. 

[36] McMullen, Peter; Schneider, Rolf; Valuations on convex bodies. Convexity and its ap- 
plications, 170-247, Birkhauser, Basel, 1983. 

[37] Schaefer, Helmut H.; Topological Vector Spaces. The Macmillan Co., New York; Collier- 
Macmillan Ltd., London 1966. 

[38] Schneider, Rolf; Kinematische Beriihrmasse fur konvexe Korper. (German) Abh. Math. 
Sem. Univ. Hamburg 44 (1975), 12-23 (1976). 

[39] Schneider, Rolf; Convex Bodies: the Brunn- Minkowski Theory. Encyclopedia of Math- 
ematics and its Applications, 44. Cambridge University Press, Cambridge, 1993. 

[40] Schneider, Rolf; Simple valuations on convex bodies. Mathematika 43 (1996), no. 1, 
32-39. 

[41] Vogan, David A., Jr.; Representations of Real Reductive Lie Groups. Progress in Math- 
ematics, 15. Birkhauser, Boston, Mass., 1981. 

[42] Wallach, Nolan R.; Real Reductive Groups. I, II. Pure and Applied Mathematics, 132. 
Academic Press, Inc., Boston, MA, 1988, 1992. 



85 



